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Abstract
Generalized Four-Dimensional Effective Hadronic Supersymmetry based
on Quantum Chromodynamics (QCD)
by
Enxi Yu

Adviser: Professor Sultan M. Catto

New discovery in multiple laboratories around the globe has shown a supersymmetry between hadrons—baryons and mesons. In order to generalize the phenomenological hadronic
supersymmetry, the spin-flavor SU (6) symmetry need an extension[1, 2]. This thesis present
how we can extend SU (6) symmetry so that hadronic supersymmetry can be included. In
the future, this extension can be also applied to pentaquark and tetraquark bags, for which
there is an ongoing research in laboratories.
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Chapter 1
Introduction
“What is matter?”, this basic question has always been haunting human in our long history
of civilization. 400 B.C. ancient Greek philosopher Democritus discusses the existence of a
particle building the matter. This particle, which is indivisible in his hypothesis, is named
’atom’. Thus was sown the seed of reductionism.
Thanks to the contribution of generations of physicists, the progress of scientific method
has developed the philosophy of the atom into a scientific theory. In 1808, John Dalton[3]
formulates the ”law of definite proportions”, where a chemical element, a species of matter
composed of immutable atoms of the same mass and size, can be combined with other
elements to form chemical compounds. In his theory, atoms are still indivisible.
The subatomic structure is found in 1897. J.J. Thomson[4] shows that cathode rays
consist of negatively charged corpuscles in a series of experiments.He concludes that the
corpuscles, which is known as electron, are universal constituents of all atoms and that their
mass is about 1/2000 of that of a hydrogen atom. Since it was already known that atoms
are electrically neutral, Thomson also proposed a particle with a positive charge uniformly
distributing through the atom. Thomson’s model is opposed by Earnest Rutherford. In
1919, the first nuclear transmutation is observed by Rutherford[5]. He proposes the nuclear
model of an atom where the positive charge is actually concentrated in an atomic nucleus and
1

predicts the existence of a neutral particle-the neutron-helps to bind the positive particle-the
proton-together.
In 1964, the quark model is independently proposed by Gell-Mann[6] and Zweig[7][8],
revealing the secret structure of nucleons. Quarks, along with electrons, are considered
indivisible nowadays. As the theory and technology improved, more particles are discovered.
And a comprehensive theory describing the interaction between elementary particles was
developed. This theory, named the Standard Model(SM), is the most successive theory of
particles so far. The elementary particles in the Standard Model are summarized in Figure
1.1.

Figure 1.1: The elementary particles in the Standard Model(SM)[9]

2

The Standard Model gives a gauge field theory of electromagnetic, weak and strong interactions. These forces are unified in grand unified theories(GUTs). To stabilize GUTs, one
needs supersymmetry(SUSY), and we then arrive at supersymmetric GUTs.Supersymmetry
is a symmetry between fermions and bosons. In other words, all the fermions in SM, with
a half-integer spin, have a supersymmetric boson partner with an integer-number spin, vice
versa. The introduction of SUSY to GUTs can help solving some frontier issues in particle
physics and thus pushing physicists closer to obtaining a final Theory of Everything(TOE).
This thesis is built on the research of supersymmetry between hadrons. Hadron is a
subatomic composite particle made of two or more quarks held together by the strong
force. So hadrons can be categorized into two families: baryons, fermions consist of an
odd number of quarks-usually three quarks-and mesons, bosons made of an even number
of quarks-usually one quark and one antiquark. Quantum Chromodynamics(QCD), as a
theory describing interaction between quarks and gluons, is already a successful theory. But
to explore the supersymmetric feature beween hadrons, QCD will need to be extended.

3

Chapter 2
Theoretical Background
The study of symmetries in physics has become synonymous with the use of group theory
as the main mathematical tool in the formulation of invariance principles and the working
out of their consequences since the pioneering work of Poincaré, Einstein, Noether, Weyl,
Dirac, Wigner and many of their contemporaries and disciples. However, a group is only
one example of possible algebraic structures. By combining an Abelian group like addition
with another, not necessarily Abelian, multiplication group in such a way that addition is
distributive with respect to multiplication, we can form more complicated structures like
rings and modules (example: ring of matrices that can be both added and multiplied). We
may constrain such composition algebras to be associative or to have a positive norm or
to obey both conditions. In the positive norm case two elements of the algebra can also
be divided as if they were generalized numbers. If associativity is dropped, new algebras
may be constructed like Lie algebras, Jordan algebras or alternative algebras. A particularly
tight structure is obtained by requiring a positive norm N (x) associated with the element
x such that N (x)N (y) = N (xy), with N (x) = xx̄ (x̄=conjugate of x). Then x−1 =

x̄
N (x)

defines the inverse whenever x 6=0. The problem of determining such normed composition
algebras was studied by Legendre, Gauss, Hamilton, Graves, Cayley, Frobenius and Hurwitz,
among others. It led to near discovery of quaternions by Gauss, to their final discovery in
4

1843 by Hamilton who constructed them while trying to divide vectors. A few months
later Graves[10](J. T. Graves, Mathematical Papers, 1843) discovered octaves (his name for
octonions) as a new solution to the quadratic norm problem and communicated his results
to Hamilton who immediately realized that Graves’ algebra was not associative. Although
Hamilton had dropped commutativity in order to construct his quaternions, thereby ushering
a revolution in the history of algebra, he was not about to accept the sacrifice of the principle
of associativity. Thus he did not bother to help Graves to publish his discovery immediately.
The octonions were rediscovered by Cayley[11], [12](Phil. Mag. (London) 26, 210(1845) and
30, 257(1847); collected Mathematical Papers (Cambridge 1889)), and are now known as
Cayley numbers. After futile attempts by mathematicians to find new division algebras,
Frobenius[13] (J. Reine and Angewandte Math. 84, 59 (1877)) partially settled the question
by proving that the only associative division algebras with a quadratic norm were R (the
real numbers), C (the complex numbers), and H (the quaternions). The final solution
came in 1898 when Hurwitz[14] (Nachr, Ges, Wiss, Göttingen, 309 (1898)) published his
famous theorem stating that the complete list of solutions of the quadratic normed algebra
problem also includes the octonions and no other such algebra can exist. It follows that
the algebras of quaternions and octonions are on the same footing, both generalizing real
and complex numbers. They are unlike other algebras like the ring of matrices in which
division is not always possible. Quaternions being associative can be represented by 2 × 2
matrices as shown by Cayley in 1858. The fact that quaternions form a special case of vast
array of more general algebras is regarded by certain historians of mathematics like E. T.
Bell[15] (Men of Mathematics, Simon and Shuster, N.Y., 1937) as exposing their diminished
importance and Hamilton is judged very severely for having devoted the last decades of his
life to the development of quaternion theory. On the other hand from the standpoint of
the Hurwitz theorem, the quaternion algebra is very fundamental. This is made clear by a
closer look at a Lie group theory which is acknowledged to be the supreme mathematical
tool for the study of symmetries in physics. By the end of the last century Killing and

5

Cartan[16] (E. Cartan, These (Paris 1894)) had succeeded in classifying semi-simple Lie
groups. They come in four categories: orthogonal groups, unitary groups, symplectic groups,
and exceptional groups. The first three form infinite families while the last family comprises
five members only. In the twentieth century it gradually became clear that these four families
are respectively associated with real numbers, complex numbers, quaternions and octonions.
Thus, the Hurwitz algebras are at they very core of the classification of possible symmetries
in nature. This makes Hamilton’s discovery (which immediately led to octonions) much
more fundamental than could be imagined until the nineteen fifties. That is why one feels
that a discussion of symmetries in physics will not be complete without a better scrutiny of
the role of Hurwitz algebras in the discussion of fundamental laws.
In this brief exposition we will try to point out a few instances in the history of theoretical physics where quaternions (and to a lesser degree octonions) appeared and disappeared,
dashed expectations, then kept coming back under different disguises and names. The most
interesting developments occurred after the era of quantum mechanics which could only be
formulated by means of the second Hurwitz algebra, namely the complex numbers with
real numbers forming the foundation of classical physics. During recent decades physics
has entered its most ambitious period. Theorists are aiming at nothing less than fulfilling
Einstein’s dream of unifying all of the fundamental forces of nature within an ultimate geometric structure with symmetries characterized algebraically and with dynamics described
by field equations of differential geometry. If any fundamental role is expected from the
Hurwitz algebras (including quaternions and octonions) in physics, it should be at this level
of probing the deepest structure of natural laws. Therefore, it is not so surprising that these
basic algebras should start surfacing in our quest of a unified field theory.
The examples we will give are not devoid of interest for another reason: they illustrate the
mysterious aspects of the interaction between pure mathematics and fundamental physics,
what Wigner called ”the unreasonable effectiveness of mathematics in natural sciences.” It
is not always a success story. There are failures and disappointments between periods of
6

relative harmony, just like in a long, stormy marriage between two people with very different
traditions, speaking a different language, but hopelessly attracted to each other.

2.1

Quantum Chromodynamics

The strong interaction, which is the force between quarks, binds quarks together within the
nucleus of atom despite the electromagnetic repulsion force. To describe the strong force is
born the Quantum Chromodynamics(QCD). In QCD, quarks are attributed an additional
’color’ charge. QCD is a quantum field theory with SU (3)C triplets grouping each quark
flavor with three color representations.
The free-field Lagrangian for mass less quarks in QCD can be written as

L0QCD = Ψ̄(x)iγ µ ∂µ Ψ(x)

(2.1)

where Ψ(x) are SU (3)C triplets for the quark fields. QCD preserves global and local gauge
invariance under transformations in SU (3)c given by
Ψ(x) → eigs

λa
θ (x)
2 a

Ψ(x)

(2.2)

where λa are the Gell-Mann matrices generating SU (3).The coupling strength gs is often
referred to as αs ≡

gs2
.
4π

To preserve gauge invariance, the covariant derivative is necessary

Dµ = ∂µ − igs Gaµ (x)

λa
2

(2.3)

where the eight gauge fields Gaµ (x) correspond to the eight gluons mediating the strong force.
The full Lagrangian for QCD is thus

LQCD = Ψ̄(x)iγ µ ∂µ Ψ(x) − gs Ψ̄γ µ
7

λa
1
Ψ(x)Gaµ − Gµν
Ga
2
4 a µν

(2.4)

where
Gaµν = ∂µ Gaν − ∂ν Gaµ + gs f abc Gbµ Gcν

(2.5)

The last term in LQCD is the free kinetic term for the eight gluon gauge fields. The
structure constants for SU (3), f abc , is defined as

[λa , λb ] = if abc λc

(2.6)

The introduction of a mass term of quark will not violate local gauge symmetry under
SU (3)C transformation and can be included in QCD to account for the known masses of
quarks.

2.2

Quaternion algebra

We begin with a brief introduction to the quaternion algebra. The linear form

q = q0 + iq1 + jq2 + kq3 = q0 + ~j · ~q

(j1 = i, j2 = j, j3 = k)

(2.7)

is a quaternion, provided the ”imaginary” units jm (m = 1, 2, 3) obey the multiplication
jm jn = −δmn + mnr jr is totally antisymmetric and 123 = 231 = 312 = 1, 213 = 132 =
321 = −1. We use the summation convention for repeated indices. q0 is the scalar part of q
(Sc q) and ~j · ~q its vector part (V ec q).
The conjugate quaternion is defined by

q̄ = q0 − ~j · ~q.

(2.8)

The quadratic norm is denoted by N (q) and defined by

N (q) = |q|2 = q q̄ = q02 + q12 + q22 + q32
8

(2.9)

Here |q|, the positive square root of N (q) is the modulus. We have the norm theorem

N (a)N (b) = N (ab)

(2.10)

and
1
Sc q = (q + q̄),
2

1
V ec q = (q − q̄).
2

(2.11)

The scalar and vector products of 3-dimensional vector calculus are related to the quaternion product of two purely vectorial quaternions by

uv = (~j · ~u)(~j · ~v ) = −~u · ~v + ~j · (~u × ~v )

(2.12)

~ which, applied
Hamilton also introduced the three dimensional ”del” operator ∇ = ~j × ∇
on a vector function ~u(~x) of ~x gives

~ · ~u + ~j · (∇
~ × ~u) = −div ~u + ~j · curl ~u
∇u = −∇

(2.13)

¯ = −∇2 = ∇
~ ·∇
~ = ∆ = Laplace operator
N (∇) = ∇∇

(2.14)

showing the relation of quaternion analysis to ordinary vector analysis. The units jn can be
realized by means of the 2 × 2 Pauli matrices τn through jn = −iτn , so that the quaternion
q is represented by the 2 × 2 complex matrix


∗



α −β 
Q = q0 − i~τ · ~q = 
,
β α∗

α = q0 − iq3 ,

β = q2 − iq1

(2.15)

We have

Det Q = αα∗ + ββ ∗ = q02 + ~q2 = N (q)
9

Q+ = q0 + i~τ · ~q

(2.16)

so that Q represents q, Q+ represents q̄ and QQ+ = N (q). It follows that a unit quaternion is
represented by a unitary 2 × 2 matrix with unit determinant. This gives the correspondence
between unit quaternions and SU (2), the covering group of the rotation group. α and β
with |α|2 + |β|2 = 1 are the Cayley-Klein parameters of the rotation. Let U be the matrix
associated with a unit quaternion. We have

U Q = Q0 ,

Now if

N (q) = N (q 0 ).

(2.17)

 
0
α 
0
ψ =  ,
β0

(2.18)

ψ 0+ ψ 0 = ψ + ψ,

(2.19)

 
α 
ψ =  ,
β

this gives
ψ 0 = U ψ,

which is the transformation law of a spinor ψ (2-dimensional representation of the rotation
group) under the rotation U . A three-dimensional vector ω
~ can be represented by the purely
vectorial quaternion qj3 q̄ or the corresponding traceless 2 × 2 matrix
Ω = −i~τ · ω
~ = −iQτ3 Q+

(2.20)

which under the above rotation transforms as

Ω0 = U ΩU + ,

(~j · ω
~ 0 = U (qj3 q̄)Ū )

(2.21)

This is the transformation law of a vector under rotations.
Note that the quaternion Q can also be multiplied by a unit quaternion V̄ from the right.
Hence the full norm group is

q 00 = U q V̄ ,

N (q 0 ) = N (q).
10

(2.22)

Since left and right multiplications commute because of the associativity of the quaternion
algebra the norm group is SU (2) × SU (2), which is locally isomorphic to O(4), the 4dimensional Euclidean rotation group. The automorphism group of the units is the O(3)
subgroup of O(4) given above.

The fact that O(4) can be represented by the above quaternion formula also shows us
why quaternions are useful in special relativity, because by changing x0 = ct into x4 = ix0 ,
the Lorentz group O(3, 1) becomes O(4), the group of four-dimensional rotations. Then a
space-time point can be represented by q and the Lorentz group by the norm group of q.
If we separate the scalar and vector part of q, then the group shrinks to O(3), and vector
and scalar parts of quaternion products reproduce the O(3) covariant operations of ordinary
vector calculus.

The O(4) generalization of the del operator arises naturally in quaternion calculus and
is given by
D=

∂
∂
∂
~ = −i( 1 ∂ + ~τ · ∇)
~
+ jm m = −i 0 − i~τ · ∇
4
∂x
∂x
∂x
c ∂t

(2.23)

which can be recognized as the left-handed projection of the relativistic Dirac operator, or

1
D = (1 + γ5 )∂µ
2

(∂µ =

∂
,
∂µ

µ = 1, 2, 3, 4)

(2.24)

The D’Alembert operator  is given by  = N (D).

All this took about 70 years to be understood. Hamilton realized the relevance of quaternions to three-dimensional rotations. Cayley discovered the 2 × 2 matrix realization of the
algebra. Cayley and Klein applied it to rotations. The four-dimensional properties and the
relativistic del operator were only used after the discovery of special relativity at the dawn
of our century.
11

2.3

Octonion Algebra

Along with the real numbers (R), complex numbers (C), and quarternions (H), the octonions (O), constitute a narmed division algebra, and as such, appear to play a fundamental
role in arriving at a grand unified field theory. An octonion, as the name suggests, is a linear
combination of eight unit octonions with coefficents being real number. Cayley’s octonions
with one real unit and seven imaginary units eα (α=1,...,7) has multiplication rule

eα eβ = −δαβ + ψαβγ eγ

(2.25)

ψαβγ is completely antisymmetric. Its only non-zero elements are

ψ123 = ψ246 = ψ435 = ψ651 = ψ572 = ψ714 = ψ367 = 1

(2.26)

The octonian ω and its conjugate are defined by

ω = ω0 + eα ωα ,

ω̄ = ω0 − eα ωα .

(2.27)

1
V ec ω = (ω − ω̄).
2

(2.28)

We can seperate its scalar and Vector parts
1
Sc ω = (ω + ω̄),
2
The norm is
N (ω) = ω ω̄ = ω 2 + ωα ωα

(2.29)

N (a)N (b) = N (ab)

(2.30)

and has the property

12

The algebra is non-associative. But the associator

[a, b, c] = (ab)c − a(bc)

(2.31)

is completely antisymmetrical and purely vectorial. We have

[ea , eb , ec ] = 2φαβγδ eδ

(2.32)

where φαβγδ is completely antisymmetrical and is the dual ψρστ in seven dimensions.
The norm N (ω) is invariant under rotations of the vector in eight dimensions. ThusO(8)
is the norm group of octonions. The norm group of purely vectorial octonion is O(7) and
the automorphism group of the multiplication rule for the octonions is the excptional group
G2 . FInally the subgroup of G2 that leaves one imaginary unit, say e7 , invariant is SU (3).
Now take a look at complex components ω0 and ωα . They do not form a division algebra. Grassmann numbers can be constructed out of quaternions (the Clifford construction)
non-associative Grassmann numbers can be constructed out of octonions[17] in the same
way[18][19]. We can construct three Grassmann numbers um (m=1,2,3) and their complex
conjugate from one set of octonion
1
um = (em + iem+3 ),
2

1
u∗m = (em − iem+3 )
2

(2.33)

u∗m u∗n + u∗n u∗m = 0

(2.34)

And then
um un + un um = 0,

um u∗n + u∗n um = δmn

(2.35)

SU(3) is the automorphism group of these exceptional Grassmann numbers.
The connection of the groups SU (6), G2 , O(7) and O(8) with octonions and associated
Grassmann numbers can be shown.
13

No similar to quaternions, the invention of octonions did not shed a light on the application to physics. Mathematician developed independently the octonion algebra between
1843 and 1933. Hurwitz’ theorem in 1898 shows the unique status of the octonion algebra. In 1919 Dickson showed a way to construct octonions out of a pair of quaternions, the
Cayley-Dickson process). Later in 1925 Artin noticed the alternativity property (complete
antisymmetry of the associator). And Cartan figured out the G2 to be the automorphism
group of octonions. He and Study also found the triality property stating that if ab = c and
we do an O(8) transformation T1 on a, then there will be two other O(8) transformation, T2
and T3 uniquely determined, such that

T1 (a)T2 (b) = T3 (c)

(2.36)

In 1927 Cartan and Schouten showed that the circle S 1 , sphere S 3 and S 7 are the only
parallelizable (vanishing affine curvature). This is due to their association with complex
numbers, quaternions and octonions of unit norm.It was followed by the Hopf maps S 2 → S 3 ,
S 4 → S 7 , S 8 → S 15 with respective fibres S 1 , S 3 and S 7 . These three possibilities are
again assoicated with Hurwitz algebras. These results are applied in gauge theories and
supergravity.
In 1933, the crowning application of octonion was inspired with the discovery of a nonDesarguesian plane by Ruth Moufang[20]. In this new projective geometry, the inhomogeneous coordinates of a point are octonions. Neither the Desargues theorem and Pappus
theorem hold in this octonionic plane satisfying all other postulates of projective geometry.

2.3.1

Octonionic quantum observables and the birth of Jordan
algebras (1933-1934)

In 1933 there were many new unexplained physical phenomena, following the discovery of
the neutron, the nuclear forces and the nuclear beta-decay that seemingly violated conserva14

tion of energy, momentum and statistics. Encouraged by the success of quantum mechanics
in atomic theory, some physicists thought that an entirely new mechanics was needed to
describe nuclear phenomena. Jordan[21] first introduced a commutative but not associative
algebra of observables represented by Hermitian complex matrices H. The product H12 of
H1 and H2 is so defined that H12 is also an observable. Hence
1
H12 = (H1 H2 + H2 H1 ) = H1 · H2 = H2 · H1 .
2

(2.37)

Unlike ordinary matrix product which is associative but not commutative, this symmetric
Jordan product is commutative, but has a non-zero associator

[H1 , H2 , H3 ] = (H1 · H2 ) · H3 − H1 · (H2 · H3 )

(2.38)

[H1 , H2 , H12 ] = 0

(2.39)

with property

that makes the algebra power-associative. Jordan algebras can be defined formally by above
equations. Physical states usually represented by normalized kets |α > are now represented
by the Hermitian idempotent projection operators

Pα = |α >< α|,

Pα2 = Pα .

(2.40)

If the H are n × n matrices, then the automorphism group of the algebra is SU (n). The
formalism is entirely equivalent to that of the ordinary quantum mechanics. However, in
this new form we see new possibilities. First of all the observables can be real matrices.
Then they must be symmetrical. Their automorphism group is O(n). This is real quantum
mechanics which has been occasionally considered with no real success. We can take the
next Hurwitz algebra, namely the quaternions, as a basis for new observables represented
by Hermitian quaternionic matrices. Their automorphism group is now Sp(n, q). We have
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already seen that this quaternionic quantum mechanics finds applications in the description
of the instanton space in gauge theories. The only new kind of observable we can have
is one related to octonions, the last Hurwitz algebra. It was first conjectured by Jordan,
von Neumann and Wigner[22] in 1933 and proved later by Albert[23] in 1934 that the only
exceptional solution of the Jordan postulate is provided by 3×3 Hermitian octonionic matrices. These are called exceptional observables which can only exist in a finite 3-dimensional
Hilbert space. The algebra is called M38 . Its real, complex and quaternionic subalgebras
are denoted respectively by M31 , M32 , andM34 . The automorphism groups of the latter three
algebras are O(3), SU (3) and Sp(3, q). That of M38 was not known until the fifties. It turns
out to be the exceptional group F4 . If M38 is complexified, then its automorphism group
becomes the exceptional group E6 . If any of these groups become important in physics, the
corresponding observables have to be seriously considered.
Jordan, von Neumann and Wigner invented the M38 algebra with the explicit hope that
it will be useful in understanding nuclear phenomena and beta decay. As observables these
octonionic structures behave strangely. They are related to the Moufang projective geometry
through the 16-dimensional (2 octonionic dimensional) coset space F4 /SO(9). The physical
states are represented by projection operators depending on the Moufang point (a, b)


− 12



 λ b̄  

 1 
1
1
1


−
−
−
P (a, b) = λ 2 a λ 2 b λ 2 ā λ 2


1
λ2

(2.41)

with the properties

T r P = 1,

P2 = P;

λ2 − λ + |a|2 + |b|2 = 0.

(2.42)

Because the Pappus and Desargues properties do not hold, these new physical states
do not always obey the superposition principle and they are not embeddable in higher
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dimensional similar space of states.
The hope of applying this exceptional quantum mechanics to physics was soon dashed
with Fermi’s theory of beta-decay in 1934, in which he used the then hypothetical neutrino
postulated by Pauli, and with Yukawa’s theory of nuclear forces mediated by the pi-meson
in 1935. Both physicists laid the ground for the modern theory of strong and weak forces,
using only conventional quantum mechanics. Octonions disappeared from physics as soon
as they were introduced.

2.3.2

The exceptional life of octonions in mathematics. The magic
square (1950-1967)

Banished from physics, octonions continued to prosper in mathematics. The groups F4
and E6 were linked to the exceptional Jordan algebra in 1950 by Chevalley and Schafer[24].
In the following decade, Freudenthal, Rozenfeld and Tits constructed new geometries that
are associated with the remaining exceptional groups and their subgroups showing that each
geometry is associated with a pair of Hurwitz algebras. For reviews of this development,
the reader is referred to the article by Freudenthal[15] (Advances in Math. I. 145 (1965))
and the book by R. D. Schafer[26] (Introduction to Non-associative Algebras, 1966). The
geometries and their related groups are classified in a “M agic Square” with entries in two
sets of Hurwitz algebras:
Table 2.1: Magic Square
R

C

H

O

R

SO(3)

SU(3)

Sp(3)

F4

C

SU(3)

SU(3)×SU(3)

SU(6)

E6

H

Sp(3)

SU(6)

SO(12)

E7

O

F4

E6

E7

E8

The first two rows include the automorphism groups of the 3×3 Jordan algebras M31 , M32 , M34
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and M38 over the real numbers and the complex numbers respectively. In the third row we
have the automorphism groups of certain ternary algebras defined by Springer (1962). The
final row has the automorphism groups of the exceptional Lie algebras, excluding G2 (which
is the automorphism group of the octonion algebra). If we consider sub-observables M2m
as 2 × 2 Hermitian matrices associated with the first row, their automorphism groups Hm
(m=1,2,4,8) will be subgroups of the groups G(m, 1) of the elements of the first row of the
magic square. We can now consider the H(m, n) subgroups of G(m, n). They form another
magic square of subgroups:
Table 2.2: Magic Square of Subgroups
R

C

H

O

R

O(2)

SU(2)× U(1)

Sp(2)× Sp(1)

SO(9)

C

SU(2)×U(1)

SU(2)×SU(2)×U(1)×U(1)

SU(4)×U(2)

SO(10)×O(2)

H

Sp(2)×Sp(1)

SU(4)×U(2)

SO(8)×SO(4)

SO(12)×SO(3)

O

SO(9)

SO(10) × O(2)

SO(12)×SO(3)

SO(16)

New geometries are now defined by means of the cosets G(m, n)/H(m, n). These are the
Freudenthal-Tits geometries. We have the list:
G(m, 1)/H(m, 1) = 2 dim. elliptic geometries.
For instance, m = 2 gives the quantum mechanical Hilbert space CP2 = SU (3)/SU (2) ×
U (1), and m = 8 gives the Moufang plane.
G(m, 2)/H(m, 2)= 2 dimensional projective geometries.
G(m, 4)/H(m, 4) = 5 dim. symplectic geometries.
For these symplectic form

(x1 x̄2 − x2 x̄1 ) + (x3 x̄4 − x4 x̄3 ) + (x5 x̄6 − x6 x̄5 ) = 0

which depends on 5 independent ratios is left invariant by the groups G(m, 4).
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(2.43)

Finally G(m, 8)/H(m, 8) = metasymplectic geometries. There are also corresponding
real forms of the magic square.
The last rows and columns of the magic square are associated with exceptional groups
and exceptional geometries. The group E8 is seen to have double octonionic structure while
the group E7 has both octonionic and quaternionic structure. All the structures in the magic
square have unique and very remarkable properties. The groups of the third row can also be
realized as fractional linear transformations of 3 × 3 Hermitian matrices as shown by Köcher
in 1967.

2.3.3

Some octonionic attempts in physics (1960-1973)

In this period physicists had a second try at using octonions since their first attempt in 1933. Some like Souriau[27][28](1960-61) , Pais[29] (1961) and Tiomno[30](1962)
tried to fit new particles into octonionic multiplets. Others like Goldstine[31][32], Horwitz
and Biedenharn[33] (1962-65) attempted to construct octonionic Hilbert spaces. The Dirac
equation was generalized to the octonionic case by Pais[29] (1961) and Penney[34] (1971).
The exceptional Jordan algebra M38 was revived by Gamba[35] (1964) who hoped to connect its SU (3) structure with the SU (3) symmetry (the eightfold way) of Gell-Mann and
Ne’eman. Exceptional observables were further studied by Segal (1947), Sherman (1956)
and Gamba[36] (1967) who found them physically acceptable in principle. In spite of all
these efforts, octonions remained beautiful ghosts in search of a physical incarnation.

2.3.4

Color symmetry and octonions: Exceptional grand unified
theories (1974-1978)

This period saw many breakthroughs in particle physics both on theoretical and experimental fronts. Electromagnetic and weak theories were synthesized in an electroweak
gauge theory based on SU (2)×U (1) which exhibited both renormalizability and spontaneous
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symmetry breaking.
The quark model became well established with the incorporation of the color degree of
freedom. A consistent theory of strong interactions based on local color symmetry took
shape as an exact SU (3) gauge theory. Three new quarks and their bound states were
predicted. Two of these new quarks are the charmed quark c and the bottom quark b. The
cc̄, bb̄ bound states were experimentally discovered. High energy physics entered a new era.
There were speculations about possible new symmetries. The standard SU (2) × U (1) ×
SU (3)c theory was embedded into a simple group called Grand Unified Theory (GUT).
Possibilities were SU (5), SU (6), S0(10). All of these fundamental gauge groups are seen to
occur in the magic square reviewed above. In those tables SU (3) is related to transverse
octonions (e1 , . . . , e6 ), U (1) to transverse quaternions (j1 , j2 ), S0(10) × U (1) to the geometry
of E6 /SO(10) × U (1), etc. This suggests a link between the color degree of freedom and
octonionic structure and also a relation between GUTs and the exceptional groups E6 , E7 and
E8 . These possibilities were explored in a series of papers[37][38], (Gürsey and collaborators
1979-80). In particular the exceptional Jordan algebra found a new interpretation as the
basic fermion (quark-lepton) representation of the grand unification group E6 . For the first
time octonionic structures had a chance of being relevant to fundamental physics.
Another kind of symmetry between fermions and bosons saw the light in this period. This
so-called supersymmetry was shown to be compatible with renormalizable quantum field
theories, starting with works of Golfand and Likthman (1969), then Volkov and Akulov paper
(1971) and culminating with work of Wess and Zumino[39] (1974). It led to models with
symmetries between scalars, spinors and vectors. The new symmetry ensured cancellation
of quadratic divergences that are otherwise present in scalar field theories. The conserved
spinorial charges in supersymmetric theories have anticommutators proportional to energy
and momentum, generators of time and space translations.
In gauge theories we have the possibility of soft symmetry breaking. A similar mechanism
in supersymmetric theories would involve local supersymmetry, hence local translational
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invariance which is only possible in general relativity. Local supersymmetry and gravitation
theory could thus be linked in a new way. There emerged a novel method for unifying
gravitation with strong and electroweak forces through local supersymmetry. The first step
required the supersymmetric extension of Einstein’s theory. This was achieved by Freedman,
van Nieuwenhuizen and Ferrara[40] (1976) and also by Deser and Zumino[41] who combined
within a single field theory Einstein’s graviton with spin 2 and a new spin 3/2 fermion field,
the gravitino. The second step was to enlarge this supergravity theory by incorporating
local internal symmetries. If the extended theory contains only one graviton the possibilities
for the internal gauge group are orthogonal groups O(n) with n ranging from 2 to 8.
So far, the development of locally supersymmetric theories had nothing to do with quaternionic or octonionic structures. In fact, a big surprise was in store for us.

2.3.5

Extended supergravities, the magic square and the sevensphere (1978- 1983)

Extended supergravity theories offered the hope of realizing Einstein’s dream for the
ultimate unified field theory in which all the basic forces of nature, including gravity, would
merge into a single mathematical structure. The largest extended supergravity with O(8) internal local symmetry (N = 8) was finally realized in 1978 by Cremmer, Julia and Scherk[42].
The N = 2 and N = 4 cases were worked out before. It was also found that the N = 8 supergravity can be reformulated as simple (N = 1) supergravity in eleven dimensions with no
possibility of adding extra supersymmetric matter to the Lagrangian. All matter couplings
in 4 dimensions came from this pure sourceless theory in 11 dimensions after reduction to
four dimensions. This unique property is interesting on two counts. First because of the
impossibility of adding any counter-terms compatible with the symmetry of the action, the
theory has a chance of being finite although it is not renormalizable in the sense of perturbation theory. Second, it completely determines the matter couplings that appear after
reduction to four dimensions, thus giving substance to Einstein’s hope of determining the
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right-hand side of Einstein’s equations

Rµν −

1
Rgµν = κ Tµν
2

(2.44)

from a geometrical principle. The geometry in question is that of eleven- dimensional superspace.
O(8) symmetry being incorporated in this theory can account both for color forces and
electromagnetic forces since SU (3) × U (1) is a subgroup of O(8). Here we see the first signs
of octonionic structure. SU (3)×U (1) is the group related to octonionic Grassmann numbers
and O(8) is the norm group of octonions.
The big surprise is that the N = 8 supergravity Lagrangian admits a non-compact
form of E7 [E7[−7] ] with compact subgroup SU (8) as a global symmetry group. As we have
seen before, E7 has both octonionic and quaternionic structure. Furthermore, if the elevendimensional theory is reduced to 3 dimensions, it exhibits a non-compact form of E8 as global
symmetry. Similarly the reduction to 5 and 6 dimensions reveals non-compact forms of E6
and SO(10), summoning all the groups of the magic square. This remarkable embedding of
the magic square in extended supergravity was shown by Julia[43] (1982). Further evidence
was provided by the work of Günaydin, Sierra and Townsend[44] (1983) who discovered that
when supersymmetric Maxwell multiplets are coupled to N = 2 supergravity in dimensions
3, 4 and 5 the scalar fields of the theory are associated with the groups of a non-compact
form of the Magic Square. The complex and quaternionic structures were already found by
Bagger and Witten[45] (1983). The octonionic structures are new and do not arise from the
dimensional reduction of the eleven-dimensional Julia-Cremmer theory. In fact, E7(−7) global
invariance of the latter theory is replaced by E7(−25) which admits E6 × O(2) as maximal
compact subgroup instead of SU (8).
Now, how should we interpret these large global symmetry groups that arise in extended
supergravities The O(8) gauge symmetry of the N = 8 theory can accommodate the color
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group and the electromagnetic gauge group but not the full SU (2)×U (1) gauge group of the
electroweak theory. That partial unification of electromagnetic and weak interactions is in
excellent standing, especially since the momentous experimental discovery of the weak bosons
W ± and Z 0 . If the N = 8 supergravity is a fundamental theory, its fermionic and bosonic
structures do not seem to reflect the fundamental particles of the standard theory. One
possibility is that they describe new kinds of fundamental particles (preons) which manifest
themselves at much shorter distances than the distances of the order 10−16 cm available to
us at the moment. Those preons and their vector and scalar partners would be associated
with representations of O(8) whereas their bound states that would include quarks, leptons
and weak bosons would be classified according to the representations of the largest global
compact group of the action. In the Julia- Cremmer case this group would be SU (8) while
in the Günaydin-Sierra-Townsend case it would be E6 × U (1) which we have already met
in the guise of a possible grand unification group with octonionic structure. Quarks and
leptons would then fit in 27-dimensional M38 representations of E6 . The U (1) part is also
necessary to explain CP invariance in strong interactions. Unless such a Peccei-Quinn group
is present, CP would be broken by instanton effects.
The challenge is now to find the new higher-dimensional finite supergravity theory that,
on dimensional reduction, would lead to matter couplings associated with the magic square
and would provide E6 × U (1) as the effective GUT for its bound states.
Octonions also manifest themselves directly in the Julia-Cremmer supergravity when
one studies the mechanism of spontaneous compactification whereby the eleven-dimensional
manifold admits a ground state that is the product of a four- dimensional manifold M4
(space-time) with a seven-dimensional compact manifold K7 (internal symmetry space).
Such a splitting was a basic postulate of Kaluza- Klein-type unifications of gravity with
gauge theories. Here it arises as a special solution of supergravity equations when the
expectation values of the spinor fields vanish. By means of the Freund-Rubin[46] ansatz we
obtain a splitting into a anti de Sitter space-time and the round 7-sphere without torsion.
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This solution respects the N = 8 supersymmetry (1980). Then Englert[47] (1982) produced
a solution in which K7 is a seven-sphere with torsion. Now this ties up with the parallelizable
S 7 of Cartan and Schouten[48] (1972) mentioned above, in connection with its octonionic
structure. This solution breaks supersymmetry . It was also noted (Gürsey 1983) that
the torsion field of the Englert solution is locally proportional to the octonion structure
constants. The solution has SO(7) symmetry, the norm group of vectorial octonions.
Finally, Awada, Duff and Pope[49] (1983) discovered a squashed S 7 solution that respect N = 1 supersymmetry and has a G2 structure, G2 being the automorphism group of
octonions.
To summarize, the N = 8 supergravity compactifies in a compact manifold related to
octonions while the space-time part is related to Hermitian quaternions. That may be
the deep reason why the eleven-dimensional manifold splits spontaneously into 4 and 7
dimensions. In fact, it is hard to find some properties of octonions that do not show up in
extended supergravity. Both quaternions and octonions are naturally nested in it.

2.3.6

Dynamical Supersymmetries in Nature (1984-1993)

Although the Wess-Zumino Supersymmetry (1975) was formulated for field theoretic
reasons, it failed to predict anything phenomenologically. Perhaps we will have to wait until
the superconducting supercollider (SSC) will produce new results.
To look for possible phenomenological (but non-renormalizable) supersymmetry that can
be grounded in nature we were led to by experiments (by means of experimental confirmation
of parallel Regge trajectories) to the supersymmetric extensions of SU (6). The supersymmetry of the meson-baryon system found its experimental confirmation in the extended SU (6)
formalism, namely SU (6/21) (Catto and Gürsey 1984). It turned out that the only way to
show the grounding of supersymmetry in Nature was by means of relating the quark fields
within mesons and baryons through use of octonions (rather split octonions) and the kind
of Heisenberg algebra they close into. By means of such octonionic structures, new states
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containing multiquarks (also known as exotics) came into existence through theoretical calculations. Discovery of diquark-antidiquark structures were experimentally confirmed, namely
a0 and f0 mesons, and their masses were calculated to within one percent of experiment.
As a counterpart, by means of spectrum generating algebras physicists were also able
to predict meson-baryon spectra (Iachello and collaborators,1982) in an analogous way to
that of SU (6/21) in nuclear physics. Although this approach is phenomenological and has
parameters that allow it a better fit to experiments, octonionic approach on the other hand
is theoretically more fundamental. So far split octonion algebra seems to be the only algebra
that applies to dynamical supersymmetry and accounts for color degrees of freedom that is
observed in nature. There may possibly be other algebraic approaches to this problem but
they have to be some kind of structure other than quadratic normed division algebras.
It is also instructive at this point to point out that the supersymmetry algebra was
discovered by Miyazawa in 1966 within the context of hadronic physics. Field theoretic
counterpart (Wess-Zumino supersymmetry) was in a way reformulated, without the authors
having any knowledge of Miyazawa’s work.

2.3.7

Octonions and Supestrings: Toward a Unified Theory of
Everything (TOE); (1990-present):

The early sixties saw the young realm of particle physics being invaded on two fronts:
by symmetries in the form of groups and by analyticity in the form of dispersion relations.
In those days particle physics was mainly inhabited by hadrons together with their retenue
of photons and leptons with which they are electrically and weakly connected. Forty years
later high energy physics has climbed to a rarefied heights far from the friendly baryons and
mesons that we could observe in human size detectors. It is ruled by an extended family of
leptons and weak bosons, confined quarks and ghosts only indirectly observed, surrounded by
a halo of invisible hypothetical entities like axions, leptoquarks or supersymmetric particles
with all kinds of ghosts hovering in the sky while a bridge is being constructed to reach
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abode of gravitons, gravitinos and Planck scale excitations . The duality of symmetrics and
analyticity has been resolved into the representation theory of conformal groups through
analytic primary fields, infinite affine algebras, Riemannian surfaces and quantum groups.
It is a brave new world and from the vantage of this forbidding mathematical space station
the particle physics of the sixties appears like the warm multicolored planet earth.
The intimate connection between the internal symmetries (isotopic spin) and external
space-time properties were combined together by Gürsey and Radicati, and independently
by Sakita in 1964.
These kind of symmetries combining internal and spin degrees of freedom could be exact
in local non-relativistic theories or certain non-local theories. They also arise in superstring
theories that lie at the basis of the dual resonance models with supersymmetry. Since such
theories are also nonlocal, there is no contradiction with the no-go theorems that forbid
internal and external symmetry mixing in local relativistic theories with interaction. A
surprising development occurred when Wess and Zumino (in 1975) discovered a class of
renormalizable local interacting field theories based on Super-Poincare group. Half and full
integer spin fields can be constructed, and furthermore, Yang-Mills type gauge theories could
also be made supersymmetric thus combining space-time supersymmetry with internal gauge
symmetries. Dropping the renormalizability condition the scheme could also be enlarged
to extended supergravity theories in which fields of half and full integer spin values are
transformed into each other. Another unexpected feature was that such supersymmetric
theories could only exist in critical dimensions with D = 2, 3, 4, 6 and 10 (Green and Schwartz
(1984)). These dimensions are intimately tied with Hurwitz’ algebras of real and complex
numbers, quaternions and octonions. Furthermore, superstrings were found to reproduce the
supersymmetric field theories (both supergravity and Wess-Zumino models) in their local
limits. Most likely candidate for TOE (Theory of Everything) until recently seemed to be
the E8 × E8 (heterotic string model of (Gross, et. al., 1985), one of the E8 ’s breaking into
E6 containing SU c (3) × SU (2) × U (1).
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For the first time we are starting to see connections between the lattices of certain groups
that arise in superstrings and discrete elements of the Jordan algebras associated with the
magic square. Such correspondence suggests a profound role that division algebras and
exceptional Jordan algebras are likely to play in superstring theories and their compactification. It also points to the existence of a larger theory connected with a chiral 27-dimensional
lattice that generalizes Conway’s lattice and unifies all known superstring theories. There is
the possibility that the presently known superstring theories may be special cases of a unique
theory associated with the ultra-hyperbolic group E∞ that admits the Conway lattice as a
root system.

2.4

Supersymmetry

In the late 60’s and mid 70’s the concept of symmetry was further enlarged to supersymmetry. While in normal symmetry, the symmetry operations transform separately fermions into
fermions and bosons into bosons, in supersymmetry, some of the symmetry operations transform fermions into bosons and viceversa. The introduction of the concept of supersymmetry
led to major developments in physics. Particularly important are:
(a) Kinematic (space-time) supersymmetries. An example of these is Wess-Zumino invariance. Unfortunately there is no experimental evidence for this type of supersymmetry.
(b) Dynamic (internal) supersymmetry (Miyazawa Supersymmetry):
Historically, baryons which are three quark (qqq) fermionic systems were treated separately from the (q q̄) bosonic mesons. But if the quark binding forces are approximately spin
independent they should also be blind to the distinction between fermions with half integer
spin and bosons with integer spin. It is this idea that led Miyazawa in the years 1966-68
to propose a fermion-boson symmetry in the hadronic spectrum which later became known
as supersymmetry. The indications for a broken SUSY came as follows: First of all the low
lying mesonic spectrum for s = 0, 1 extends from 0.14 GeV to 1.02. GeV while the s = 12 , 32
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cover the range 0.94 GeV to 1.67 GeV, so that the two spectra overlap. Hence all low lying
hadrons seem to be members of a single supermultiplet with the spin taking values 0, 21 , 1, 32 .
Another experimental evidence is provided by excited hadronic states with s ≥ 2. Such
states are represented by points on a Chew-Frautchi plot of m2 versus J, J = s, and fall
on parallel linear Regge trajectories. Astounding fact is that the slopes of the baryon and
the meson trajectories are nearly equal. This is a manifestation of a deep and unexpected
SUSY between excited (q q̄) and (qqq) states.
The mathematical expression of supersymmetry arises through a generalization of Lie
algebras to superalgebras. When a Lie algebra is su(n) it can be extended to a graded
algebra (superalgebra) su(n/m) with even and odd generators, the even generators being
paired with commuting (bosonic) parameters and the odd generator with the Grassmann
(fermionic) parameters. The algebra can then be exponentiated to the supergroup SU (n/m).
This was done by Miyazawa who derived the correct commutation and anticommutation
relations for such a superalgebra as well as the generalized Jacobi identity.
This discovery antidates the supersymmetry in dual resonance models or supersymmetry
in quantum field theories invariant under the super-Poincare’ group that generalizes special
relativity. Miyazawa looked for a supergroup that would contain SU (6) and settled on
broken SU (6/21). He showed that an SU (3) singlet-octet of this supergroup leads to a new
kind of mass formula relating fermionic and bosonic mass splittings. An example for non
strange hadrons is
m∆ 2 − mN 2 = mρ 2 − mπ 2 .

(2.45)

Here Gürsey and SC developed the only experimentally viable supersymmetry that exists
in hadronic physics, based on supergroup SU (6/21). It is a supersymmetry that led to
formation of diquarks in hadronic physics, using split octonions as color algebras, giving a
full legitimate algebraic description to symmetries between antiquarks and diquarks, further
leading to mass formulation for multiquark states (such as a0 (980) and f0 (975)) with further
applications into legitimizing the discovery of pentaquarks.
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Generally it was known that the hadronic spectrum showed no essential differences between different spin mesons and different spin baryons with similar symmetry breaking
patterns. Mesons lie on linear Regge trajectories and so does the baryons with exactly the
same slope.
Table 2.3: Mesons and Baryons energies

Hadron
ρ(770)

I G (isospin)

j P (spin − parity)

m2 (GeV 2 )

1+

1−

0.59

α=

∆J
∆m2

0.88
ρ3 (1690)

1+

3−

2.86
0.75

ρ5 (2350)

1+

5−

5.52

ω(783)

0−

1−

0.61
0.92

ω3 (1670)

0−

3−

2.78

π(138)

1−

0−

0.02
0.71

π2 (1680)

1−

2−

2.82

f2 (1270)

0+

2++

1.61
0.8

f4 (2050)

0+

4++

4.12
0.91

f6 (2510)

0+

6++

29

6.30

Hadron

I G (isospin)

j P (spin − parity)

m2 (GeV 2 )

φ(1020)

0−

1−−

1.04

α=

∆J
∆m2

0.84
φ3 (1850)

0−

3−−

3.42

K2∗ (1430)

1/2

2+

2.03
0.93

K4∗ (2.045)

1/2

4+

4.18

N (939)

1/2

1/2+

0.88
1.03

N (1680)

1/2

5/2+

2.82
0.94

N (2220)

1/2

9/2+

4.94

∆(1232)

3/2

3/2+

1.52
0.88

∆(1950)

3/2

7/2+

3.80
0.96

∆(2420)

3/2

11/2+

5.86

K(497)

1/2

0−

0.25
0.70

K2 (1770)

1/2

2−
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3.13

Hadron

I G (isospin)

j P (spin − parity)

m2 (GeV 2 )

K ∗ (892)

1/2

1−

0.80

α=

∆J
∆m2

0.85
K3∗ (1780)

1/2

3−

3.15

Σ(1192)

1

1/2+

1.42
0.89

Σ(1915)

1

5/2+

3.67

Λ(1116)

0

1/2+

1.25
0.96

Λ(1820)

0

5/2+

3.31
0.88

Λ(2350)

0

9/2+

5.52

Σ(1385)

1

3/2+

1.92
0.90

Σ(2030)

where α =

1

∆j
,
m2

7/2+

4.12

and ∆j = 2.

The tables shown above demonstrate the universal slope of the Regge trajectories to be
around α = 0.88GeV −2 .
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Let us also give some examples of hadron trajectories:

Figure 2.1: Regge trajectory of N

Figure 2.2: Regge trajectory of ∆
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These observations led to three models:
(1) Romantic attempt : Grouping of hadrons of different spin in the same multiplet due to
an approximate spin independence of the forces between constituents. Separate multiplets
for mesons and baryons [ Gürsey-Radicati SU (6)sf ] model. Better understood later in terms
of colored quarks.
(2) Super romantic attempt : Grouping of meson and baryon multiplets in a supermultiplet
that is a representation of a supersymmetry group extending SU (6) to a supergroup U (6/21)
of Miyazawa, and in modern context SU (6/21). (Gürsey and SC).
(3) Dual resonance models and supersymmetric dual resonance models, strings and superstrings. Historically, the model that gave parallel trajectories for baryons and mesons was
the supersymmetric string theory of Ramond; Neveu and Schwarz. But these theories are
not realistic or mathematically consistent in four dimensions (daughter trajectories, tachyon
problem, Lorentz invariance problem, etc.)
There is a consistent 10-dimensional supersymmetric string theory (no tachyons, no ghosts,
Lorentz invariance perfected by Schwarz and Green (types A and B) non local cousins of
supergravity (N = 2 in D = 10, or N = 1 in D = 11). However, reduction to D = 4 does
not give a phenomenological description of hadrons. It could be a fundamental theory of
preonic strings. There is also a consistent, experimentally verified field theory of hadronic
constituents (quarks and gluonic QCD) but there is no supersymmetry between quarks and
gluons. Mesons and baryons are bound states with different structure, and there is no
obvious supersymmety between a q q̄ and qqq bound states either (q=quark, q̄=antiquark).
Local field theories that were developed by Wess and Zumino have supersymmetry and are
renormalizable. QCD can be made supersymmetric with the addition of gluinos and squarks
(which remains to be discovered). It gives no help for throwing light on the supersymmetric
nature of the slope of Regge trajectories. Also, an approximate phenomenological supersymmetry relating even to odd nuclei was observed in nuclear physics (level spectrum and
transition rates) by Iachello and co-workers. Supersymmetry seems relevant to fundamental
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physics and to complicated bound states, but no simple model for hadrons. Since it turned
out that superstring theory is only consistent in D = 10, hadronic theory reverted back to
quantum field theory: QCD of colored quarks interacting through gluons.
How does QCD explain SU (6), the kinematic (space-time) supersymmetry based on supergroup SU (6/21), linear Regge trajectories, same slopes for baryons and mesons and the
patterns of symmetry breaking that relate meson mass differences to baryon mass differences?
Should QCD be replaced by a supersymmetric extension of QCD that requires squarks and
gluinos? The new particles with masses around 1T eV range are irrelevant to the problem
of parallel meson-baryon Regge trajectories with masses around 1 − 5GeV .
In fact QCD gives an approximate 2-body Hamiltonian for q − q̄ system, allows formation
of qq = D diquarks with a similar Hamiltonian for a q − D system that is largely spin
and flavor independent and approximately invariant under transformation taking q̄ into D
(Hadronic SUSY based on supergroup SU (6/21)). It led into formation of diquark states
and to mass predictions initially on a0 (980) and f0 (975) mesons made up of D − D̄ structures
(where D=qq=Diquark, D̄= q̄ q̄=Antidiquark) which have been discovered experimentally
to be within 1% of experiments. Further work on on theoretical predictions on multiquark
and pentaquark states as a consequence of SU (6/21) are in preparation, with some hints to
follow.
SUSY as a tool for covariant quantization of dynamical constrained systems: Yang-Mills
theories, string theories, string field theories, etc.

In such theories new unphysical

fermionic ghost variables ci are introduced in such a way that their contributions cancel
the effect of the extra bosonic variables (like the longitudinal degrees of freedom) that
disappear only in non covariant gauges. Then physical states are annihilated by the ghost
dependent BRST operator (fermionic) Q such that Q2 = 0. It can be shown that Q,
ci and the modified constraints form a superalgebra under which physical states are invariant.
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Another aspect of SUSY is in the role it plays in the construction of unified theories. In
taking the Grand unified theories (GUTs) into supersymmetric GUTs required to stabilize
the mass hierarchy owing to the greater convergence properties of supersymmetric gauge
theories.
In non renormalizable theories like supergravity (SUGRA) supersymmetry ensures finiteness
at a higher number of loops level after which the theory cannot be shown to be consistent.
SUGRA and SUSY’c GUTs together are unified within SUSY’c string theories and form
their local field theory limit.
Such theories exist only in definite critical dimensions and have unique properties suggesting
the description of their special symmetries through new mathematical structures, connected
with division algebras: Kähler, HyperKähler geometries, relations to division algebras of
reals R, complex numbers C, quaternions H and octonions O, the magic square of exceptional
groups and their subgroups and their associated Jordan algebras.
Finally, the best available candidate for unification, the heterotic superstring has a very rich
symmetry structure, linked to root lattices like E8 × E8 , O(32) that are closely connected
with the number theory of integer octonions. The field theory of superstrings has also a
connection with the hyperbolic extension of E10 of E8 which can be understood through a
Lorentzian lattice in 9 + 1 dimensions. This in turn is connected with an octonionic modular
group. The imbedding of E10 × E8 × E8 into a new infinite group (conjectured by Conway)
is a fascinating subject of speculation. The symmetries may be best described by lattices
associated with discrete Jordan algebras. Recently we have shown that there is a one to one
correspondence between a graded matrix representation of the super Poincaré group and
division algebras for Minkowski dimensions (D + 1, 1) in which classical superstring theories
and classical super Yang-Mills theories exist, D denoting the dimension of the division
algebra. On the other hand classical bosonic strings can exist in any dimension. However,
if closed bosonic strings are associated with superstrings to form classical heterotic strings,
then the dimension of the bosonic string must be 3D + 2. The internal symmetry group
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of the classical heterotic string becomes a group of rank 2D. Quantization only works for
D = 8 (octonionic case) but paraquantization might be possible in the other cases. The
internal symmetry group was obtained by discretizing 2D elements of a certain subgroup of
O(3D + 1, 1). If a bosonized ghost dimension is added as in the case of covariant treatment,
then the Lorentz group is extended to O(3D + 1, 2). For D = 8, the complex Lorentz
group admits as subgroup a real form of E6 that has the same Lorentz subgroup O(9, 1)
as O(25, 2). The free bosonic Lagrangian than becomes invariant under both O(25, 2) and
E6(−26) . This approach establishes a link between classical heterotic strings and the groups
of the magic square associated with Jordan algebras and also allows a uniform treatment
of the bosonic and superstring sectors of the heterotic string. More works in extensions of
the ideas proposed above dealing with Fueter and quaternionic and octonionic analyticity.
M -theory and Leech lattices are forthcoming.
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Chapter 3
Hadronic Supersymmetry
In an earlier work[50][51] based on QCD and as an extension of spin-flavor group SU (6)
Catto and Gürsey (C-G)[52, 53] had constructed a phenomenological supersymmetry based
on SU (6/21) supergroup that accounted for symmetries between mesons and baryons. They
showed formation of a diquarks D = qq in spinning baryon that is a three quark system which
behave like a two body quark-diquark system, relating it to the quark-antiquark system of a
meson. Their work was a modern extension of early foundation of supersymmetry laid out
by Miyazawa in late sixties, where hadronic supersymmetry occurred long before usual Wess
-Zumino type of symmetry. So far to date, Wess-Zumino supersymmetry has no relevance
to the observed hadronic world.
Catto and Gürsey developed, for the first time that the parallelism and the universal slope
of the Regge trajectories and derived its universal slope from broken supersymmetry, and
nailed down formation of multiquark states as a combination of diquark and an antidiquark
by making prediction of new mesons such as a0 and f0 mesons in perfect conformity with now
observed states, leading to possibilities of tetraquark states that are being sought presently
in experiments.
They also provided the bases for effective hadronic supersymmetries and the algebra of color
based on octonions and split octonion algebra[54, 55] showing the correct transformation

37

properties between quarks (q), two quarks acting at a point as a diquark (D=qq), antiquark
(q̄) and antidiquarks D̄ relating color degrees of freedom in mesons and baryons, derived
from QCD under some assumptions and within some approximation that used a dynamical suppression of color-symmetric states. These early and some of our recent works had
produced the hadronic origin of supersymmetry, related parallelism of hadronic Regge trajectories, giving their slope parameter as a consequence of QCD in a near perfect agreement
with experimental data. The masses of diquarks were worked out by use of semirelativistic
and relativistic formulations that also gave new mass formulas relating meson and baryon
masses to each other within a high degree of accuracy of experiments[56, 57].
The relation of underlying structure of octonion and in particular the split octonion (noncommutative and nonassociative) algebra was worked out in detail, showing it is the only
(Heisenberg like) algebra in modern mathematics that has all the ingredients of the color
degrees of freedom in hadronic phenomenon. It gave rise to the hadronic origin of supersymmetry and the relation of underlying structure of exceptional algebras to the existing
quark models. Supergroups and infinite groups like the Virasoro algebra emerged as useful
descriptions of certain properties of hadronic spectrum. All exceptional groups G2 , f4 , E6 ,
E7 and E8 .
Are supersymmetry and its accompanying algebraic structures effective properties of complex structures? Are they to be found in an exact form only in fictitious artificial extension
of physical Hilbert spaces, or are they really fundamental in a new extension of quantum
field theory? We may not be able to give an answer to such questions but our hope is to be
able to illuminate and illustrate these problems and define them more precisely.
The outstanding difficulty in applying supersymmetry to hadrons was that supersymmetry
is badly broken, otherwise the proton and the pion would have the same mass. The arrival
of broken supersymmetry has the following reasons in the background: the underlying differences between a quark and antidiquark having different masses, different spins and also
different sizes.
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In terms of the mass: the relationship between the mass differences between mesons, and
the mass differences between baryons were found to be related to each other in such a way
that was in perfect agreement with experiments, and more generally their binding energies
within were also worked out with great success, and mass formulas were constructed, for
example relating π and ρ mass difference to the difference in masses of N and ∆ within less
than 1% error. We refer the reader to our numerous papers.
Also, the spin dependent forces in QCD plays an important role. Their effect was minimized
by taking appropriate averaging over spin. The main assumption here was the spin dependent interaction energy between two quarks in a diquark is independent of the hadrons
in which the diquark is embedded. After this the spin-independent contribution to the
interaction energy was approximately extracted from the known values of baryon masses.
Presently in literature there exists no conclusive papers on the sizes of quarks or diquarks.
Recently[58, 59] we have built in octonionic geometries that tie together in an algebraic way
many of well known and apparently unconnected geometries to one another[60]. Through
these new and unknown octonionic geometries there seems to be new ways of relating diquark
and antiquark sizes within a bag structure of a q − D system. We will be exposing such
theoretical work and wait for experiments from LHC, SLAC and other labs for their possible
confirmations.

3.1

Qualitative understanding of hadronic SUSY
through quark-gluon theory

To understand hadronic supersymmetry, one need to apply some approximation to the gluon
field:
(a) Asymptotic freedom: nearly free quarks at short separation leading to separate conservation of spin and orbital angular momentum, giving approximate validity of the group
SU c (3) × SU (6) × O(3) for the spectrum of low lying hadrons.
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Breaking through exchange of single gluons leading to spin-dependent forces (1− nature of
gluons).
(b) Strong coupling regime (’tHooft’s

1
N

expansion, Wilson’s lattice gauge approximation)

all leading to an effective string theory in D = 4, to confinement and a spin independent
linear br potential (scalar), b being related to α0 .
Another approximation to the confining gluon field is the bag model of Chodos.
These approximations give a quantitative derivation of low lying hadron masses, but do not
explain the hadronic supersymmetry.
Both the gluonic string picture and the bag model lead to exotic mesons qq q̄ q̄ as also required
from crossing in the dual resonance model (Harari; Rosner).
Linear trajectories for mesons result from the linear potential, the one-dimensional nature
of the string and the elongation of the bag in string-like fashion for the rotationally excited
bag (Johnson and Thorn).

3.2

Quark potential from QCD

In mesons, there is a q − q̄ potential. For short distance, perturbation theory is valid. Gluon
exchange between q (rep. 3 of SU (3)c ) and q̄ (rep. 3̄).
Static potential is 4th component of a 4-vector

V = A0 = λ(1) · λ(2)

αs
r

(V ∼ δ (3) (r))

(3.1)

for 3 × 3̄ → 1 (out of 1 + 8) we have λ(1) · λ(2) = − 34
V attractive leading to bound state, for 3 × 3̄ → 8, we have λ(1) · λ(2) =
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1
6

to be repulsive.

Figure 3.1: q − q̄
As for long distance, lattice QCD valid. Color singlet flux tube stretched between q and q̄.
Static potential behaves like a relativistic scalar (coupling ψ̄a ψa S(r)).
The confining potential will be:

S = br

(S ∼ δ (3) (r))

(3.2)

For large ` we have E 2 ∼ `, so that for a 3-body system

Figure 3.2: Baryon
for which ` = `1 + `2 , for fixed ` the total energy is minimized when E1 E2 = 0, or when
either `1 = 0 or `2 = 0. And it will be different if E ∼ `, then for any partition of ` into `1
and `2 , E is the same.
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If `1 = 0, `2 = `

Figure 3.3: Unstable Configuration

Not stable when short distance Vqq is introduced.
If `2 = 0, `1 = `

Figure 3.4: Stable Configuration

As turning sight to baryons, due to the stable requirement of bound state, two of three
quarks in a baryon will form a diquark(q-q) at one end leaving the third quark at the other
end.
The fourth component of a vector:

W =−

W =

2 αs
3 r

(3 × 3 → 3̄)

1 αs
3 r

(3 × 3 → 6)

(3.3)

(3.4)

Hence D = q q diquarks can be formed in the 3̄ color representation and 0 or 1 spin
representation. We should note that although diquarkD behaves like antiquarkq̄ in color, D
and q̄ are not the same for spin and statistics.
42

Figure 3.5: q − q

Figure 3.6: D − q
If we consider hadrons made of u, d, s quarks (flavor SU (3)) then q (s = 12 ) has 6 components,
each with 3 colors (rep 3 of SU (3)c ).
D is in (6 × 6)sym because it is antisymmetric in color.
Hence D is in. the 21 rep. with 3̄ color,
q̄ is in the 6 rep. with 3̄ color.
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Hence q̄ ↔ D transformations transform for each color 6 antifermion states into 21 bosonic
diquark states. Then the transformations belong to the U (6/21) supergroup.
¯ dim. rep.
(q̄ D) : 27
¯ element
Its adjoint representation has a 27 × 27

 
q (q̄ D)
D̄







baryons 
 q q̄ qD 
 mesons
= 
 =

D̄q̄ D̄D
antibaryons exotic mesons

(3.5)

Exotic mesons which can be formed in QCD and in the bag model (also in dual resonance
models) complete the adjoint supermultiplet.
Here we can conclude the assignments of SU(6) as:
q(1):

6

q̄(1)q(2) mesons: 1+35+orbital excitations
q(1)q(2)q(3) baryons:
D(1):

56

21: (1,6) +(0,3̄)

D̄(1)D(2) = q̄(1)q̄(1)q(2)q(2) exotic mesons: 405
q(1)D(2) baryons: 56+70+orbital excitations
Thus for excited hadrons we have a great proliferation on SU (6) multiplets and new hadrons.

3.3

From spin independence to supersymmetry

The emergence of the group SU (6/21) can be understood on the basis of the quark model.
The quarks (u, d, s) are associated with the six dimensional representation of SU (6). Assuming that two quarks can form a bound state (this being justified by QCD), the diquarks
(qq) belong to the representation 15 or 21. Actually, the SU (3) color coupled with the
Pauli principle and the SU (3) singlet nature of (qqq) baryon states gives 21 for the diquark
bosonic multiplet. The diquarks and quarks can then combine to give baryonic states which
are in the (56) representation of SU (6). It is now clear that the 6 fermionic q-states and
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the 21 bosonic q̄ q̄ states together form the 27-dimensional fundamental representation of the
supergroup SU (6/21).
The reason we must take the antidiquark to be in the same multiplet as the quark is given
by QCD based on color SU (3)c . Each of the 6 colored quark states belongs to the triplet
representation of SU (3)c . On the other hand, the diquark is in the 3̄ representation present
in 3 × 3, so that the antidiquark has the color group representation 3. QCD also gives
an attractive force between two quarks (half in strength of the q q̄ force) due to one gluon
exchange, leading to the formation of qq bound state. Besides the 27-dimensional representation ξ of SU (6/21) there is also the complex conjugate 27 representation consisting of
antiquarks and diquarks. The adjoint representation arises from the product 27 × 27 and
contains the mesons q q̄ (1 + 35), the baryons qqq (56 + 70), the antibaryons q̄ q̄ q̄ and the
exotic mesons qq q̄ q̄ which can be regarded as diquark-antidiquark DD̄ bound states. Thus
QCD provides a basis for formation of a supermultiplet that contains baryons and mesons,
the starting point of Miyazawa’s model.
The other manifestation of hadronic supersymmetry, namely parallel Regge trajectories for
all hadrons is more difficult to relate to group theory. It arises naturally from the string
theory of Nambu and Goto which is associated with the infinite parameter Virasoro algebra
rather than a Lie algebra. The parallel Regge trajectories arise from the flavor and spin
independence of the q q̄ or qq forces. QCD is certainly flavor independent. As to approximate
spin independence, there is mounting evidence that the confining potential is a relativistic
scalar rather than the fourth component of a vector potential, although this conclusion is
challenged by some authors from a discussion of heavy meson spectra.
Now assuming the confining potential is a relativistic scalar, we know from lattice QCD that
in its static form it is proportional to the distance r between the quarks. Such a potential
for the relativistic two body problem has two consequences. Firstly as shown by Eguchi, and
also by Johnson and Thorn, for high rotational excitation the three-quark system tends to
a quark-diquark two body system. Secondly, the squared mass of the two body system with
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a linear potential becomes proportional to the angular momentum J of the system. The
first property tells us that the excited baryon can be treated as a two body q − D system
(D = qq), just like the meson which is a q − q̄ system. Now, both D and q̄ are in the 3̄ color
representation, so that the q − D potential is the same as the q − q̄ potential provided we
neglect the spin dependence of the forces.
The short range force, due to a gluon exchange, is obtained from a vector Coulomb-like
potential and is spin dependent. But for high excitation the two constituents have a large
separation and the spin independent confining force takes over, resulting in the approximate
equivalence of the Hamiltonian for the q − q̄ and q − D systems.
The slope of the mother Regge trajectory depends only on the parameter of the confining potential, resulting in parallel linear Regge trajectories for baryons and mesons. The
Hamiltonian is also approximately invariant under the transformation of q̄ into D, which is
a supersymmetry transformation belonging to the supergroup SU (6/21) for the low lying
hadrons.
The string approximation to QCD gives therefore a new type of mass formula

m2 = α

0 −1

J +C =α

0 −1

(J − J0 )

(3.6)

0

valid for both baryons and mesons. Here, the Regge slope α is of the order of 1(GeV )−2 .
This equation gives
∆m2 = α

0 −1

∆J

(3.7)

as for ∆J = 1 we obtain
∆m2 = α

0 −1

(3.8)

both for baryons and mesons.
0

Now α is the same for the π and ρ trajectories. It is also the same for N and ∆ trajectories,
giving
m∆ 2 − mN 2 = mρ 2 − mπ 2 .
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(3.9)

which is the same as Miyazawa’s sum rule obtained from supersymmetry. Here the relation is
also valid for any two pairs of points on the same trajectories provided ∆J is unity. In short
Miyazawa hadronic supersymmetry for the low lying hadrons is extended through QCD to
the rotationally excited hadronic levels.
Breaking of this supersymmetry has two origins. First the q and qq mass differences as
well as mass differences among quarks. This results in different values of the constant J0 in
Eq.(3.6), leading to different intercepts for parallel Regge trajectories. The second breaking
comes from the contribution to the potential from one gluon exchange. This potential is a
4-vector and is spin dependent. Since the quark and antiquark have s =

1
2

and the diquark

has s = 0 or 1, the spin dependent part of the q − qq potential is different from that of
q − q̄, causing supersymmetry breaking. Another consequence is the deviation of the Regge
trajectories from linearity for low spin, since the potential is no longer proportional to the
distance.
Examples of effective Hamiltonians is invariant under above transformations and arises in
standard theory. We have the following options:
Schrödinger-Dirac approximation to the quark-QCD system after elimination of the gluon
degrees of freedom exhibiting approximate SU (6) symmetry and SU (6/21) supersymmetry
with explicit symmetry breaking terms, as well as relativistic theory will be shown next.

3.4

Effective Hamiltonian of the Quark Model

Consider a quark q(1) at position r 1 , and an antiquark q(2) at position r 2 represented by the
charge conjugate spinor q c (2). The q(1)q(2) system for a meson has 16 space components
that are the elements of the 4 × 4 matrix

Φ(1, 2) = q(1)q(2).
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(3.10)

Elimination of gluon degrees of freedom generates a potential between these constituents
that in the static approximation depends on the relative distance r. It will be approximated
by a scalar potential S(r) and the fourth component of a vector potential V (r) given by

S(r) = br,

(3.11)

4 1
V (r) = − αs ,
3 r

(3.12)

where αs is the strong coupling constant at an energy scale corresponding to low lying meson
masses. In this approximation the relativistic hamiltonian can be written as

HΦ = (H(1) + H(2) )Φ,

(3.13)

1
1
(i)
(i)
H(i) = V (r) + γ4 [mi + S(r)] + iγ4 γ (i) ·p(i) ,
2
2

(3.14)

with

where i = 1, 2, and p(i) = −i∇(i) . At this point let us introduce the center of mass and
relative coordinates
R=
r1 = R +

m1 r 1 + m2 r 2
,
m1 + m2
m2
r,
m1 + m2

r = r1 − r2 ,

r2 = R −

m1
r,
m1 + m2

(3.15)
(3.16)

we have
p2 = m2 Ṙ − µṙ,

p1 = m1 Ṙ + µṙ,

(3.17)

where µ is the reduced mass given earlier. In the center of mass system (R = 0), we find

p(1) + p(2) = 0,

(3.18)

p(1) = −p(2) = p = −i∇,

(3.19)

48

and
r = r (1) − r (2) .
(1)

(3.20)

(2)

Since γµ and γµ commute we can represent them by left and right multiplication of Φ by
Dirac matrices so that
γµ(2) Φ = Φγµ .

γµ(1) Φ = γµ Φ,

(3.21)

We now make a unitary non-local transformation similar to the Foldy-Wouthuysen transformation by defining a new two-body wave function

Φ̃ = W Φ = W1 W2 Φ,

where
"

(i)

(i)

mi + S/2 + iγ ·p
Wi = p
(mi + S/2)2 + p(i) ·p(i)

(3.22)

#1/2
(3.23)

and Wi Wi† = 1 for i = 1, 2. Since ~x does not commute with p(i) the exact form of the
transformed hamiltonian H̃ is very complicated. Instead we use an approximation for W by
replacing S by an average value
< S >= S(r0 )

(3.24)

where r0 is the semiclassical radius of the Bohr orbit associated with the q − q̄ potential. In
this simplified version W depends only on differential operators, so that we can calculate H̃
by expanding W in the powers of the momenta. H̃ will also involve a transformed vector
potential Ṽ (r),
H̃ = W HW † ,

Ṽ (r) = W V (r)W † .

(3.25)

In the approximation that S̃(r) is spin-independent, we have

S̃(r) = W S(r)W † ≈ S(r) = S(r0 ) + (S(r) − S(r0 )),
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(3.26)

Ṽ (r) ≈ V (r) + K

σ (1) ·σ (2) 2
∇ V (r),
4m1 m2

(3.27)

so that Ṽ (r) differs from V (r) by a spin-dependent Breit term.
The new two-body equation now reads
r
H̃ Φ̃ = Ṽ (r)Φ̃ +

1
[m1 + S(r)]2 + p2(1) γ4 Φ̃ +
2

r

1
[m2 + S(r)]2 + p2(2) Φ̃γ4 .
2

(3.28)

This equation is invariant under the spin transformation

Φ̃ → e 2 iσ·ω1 Φe
1

−1
i
2

σ·ω2

(3.29)

since
[σ, γ4 ] = 0,

(3.30)

provided the Breit term is neglected. The potential being flavor independent, flavor independence is only broken by the flavor-dependent mass differences m1 − m2 . This leads to
an approximate SU (6) × SU (6) symmetry of H̃ broken by mass differences and spin dependent Breit terms. Note that the original Hamiltonian H does not display this invariance.
The invariance of H̃ does not conflict with relativity since it is obtained by a non-local
transformation.
Iteration of (3.28) gives the ”Krolikowski” type second order equation
1
m1 − m2 2
− ∇2 Φ̃ = [1 −
][(E − Ṽ (r))2 − (m1 + m2 + S(r))2 ]Φ̃
4
E − Ṽ (r)

(3.31)

which was successfully used by Lichtenberg and his collaborators to calculate meson masses
in the approximation Ṽ = V .
For a q − D system q̄(2) is replaced by a wave function with four spin components associated
with s = 1 and s = 0. In addition there are flavor quantum numbers. For the low lying
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hadrons D has a 21 degrees of freedom as mentioned earlier. Then

Ṽ (r) = V (r) + K

S (1) ·S (2) 2
∇ V (r),
m1 m2

(3.32)

with m1 and m2 being respectively the quark and diquark masses, S (1) the s = 1/2 Pauli
matrices and S (2) being either zero or the 3 × 3 s=1 matrices. Otherwise the two-body
equation is the same as for the meson case. If m1 − m2 and the spin-dependent terms are
neglected the two-body equation for the meson-baryon system in which the wave function is




 Φ̃qq Ψ̃qD 
Ψ̃ = 

Ψ̃Dq Φ̃DD

(3.33)

becomes invariant under the transformation

Ψ̃ → U Ψ̃V †

(3.34)

where U and V are elements of the supergroup SU (6/21). In a relativistic treatment we can
represent the diquark for each flavor by a 16-component wave function satisfying a linear
Kemmer type equation. 10 components are for s = 1 (Fµν and Aλ ) and 5 are for s = 0 (φµ
and φ). Adding 4 Dirac components for the quark with s = 1, we find that for each flavor
state the q − D̄ system has 20 covariant components representing 6 physical spin states s
= 12 , 0 and 1.
The matrix wave function Ψ̃ obtained from the covariant wave function after a non-local
transformation has the physical states separated in a non-covariant way expressible in terms
of 27 × 27 matrix. It satisfies a wave equation of the form

H Ψ̃ = i

∂ Ψ̃
= {K, Ψ̃} + S Ψ̃S,
∂t
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(3.35)

where


 Kq I
K=
0


(6)

0
KD I (21)




(3.36)

with I (n) denoting the n × n unit matrix and

Kq = −

1
1
2 αs
+ γ4 [(mq + S)2 − ∇2 ] 2 ,
3 r
2

1
1
2 αs
+ β4 [(mq + S)2 − ∇2 ] 2 ,
3 r
2


−1
(6)
0
1  mq S q I

S = K2 

(21)
0
m−1
S
I
D
D

KD = −

(3.37)

(3.38)

(3.39)

where β4 is the fourth Petiau-Kemmer matrix for s = 0 or 1 can be represented by
(2)

(3)

β4 = γ4 + γ4

(3.40)

referring to the two quark constituents of the diquark. Sq and SD are respectively the quark
and diquark spin operators, mq and mD are their respective masses. The second term in
(3.35) gives the spin dependent Breit term and breaks the approximate SU (6/21) symmetry
generated by
δ Ψ̃ = [X, Ψ̃],


 M B 
X=

B̄ N

(3.41)

(3.42)

where B and B̄ are Grassmann valued, M and N are antihermitian 6×6 and 21×21 matrices
respectively. S is the confining scalar potential. In these equations

− ∇2 = p2 = p2r +

where pr is canonically conjugate to r.
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`(` + 1)
,
r2

(3.43)

3.5

Mass formulae

(a) Semirelativistic case

The ground state energy eigenvalue E of the Hamiltonian can be estimated by using the
Heisenberg uncertainty principle. This leads to the replacement of r by ∆r and pr by
1
∆pr = (∆r)−1 ,
2

(~ = 1).

(3.44)

Then E as a function of ∆r is minimized for the value of r0 of ∆r. The r0 corresponds to
the Bohr radius for the bound state. The confining energy associated with this Bohr radius
is obtained from the linear confining potential

S(r) = br.

(3.45)

so that the effective masses of the constituents become
1
M2 = m2 + S0
2

1
M1 = m1 + S0 ,
2

S0 = br0 .

(3.46)

(3.47)

For a meson m1 and m2 are the current quark masses while M1 and M2 can be interpreted
as the constituent quark masses. Note that even in the case of vanishing quark masses
associated with perfect chiral symmetry, confinement results in non zero constituent masses
that spontaneously break the SU (2) × SU (2) symmetry of the u, d quarks.
Let us illustrate this method on the simplified spin free Hamiltonian involving only the
scalar potential. In the center of mass system, p(1) + p(2) = 0, or p(1) = −p(2) = p. The
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semi-relativistic hamiltonian of the system is then given by
2
X

E12 Φ =

r

i=1

1
(mi + br)2 + p2 Φ.
2

(3.48)

Taking m1 = m2 = m for the quark-antiquark system, we have
r
E12 Φ = 2

`(` + 1)
1
(m + br)2 + p2r +
Φ,
2
r2

(3.49)

where we have written the momentum part in spherical coordinates.
Putting
b = µ2 ,

ρ = µ r,

(3.50)

for the q − q̄ system we find E12 by minimizing the function
s

1
µ2
1
Eqq̄ = 2 (m + µρ)2 + 2 (` + )2 .
2
ρ
2

(3.51)

For u and d quarks, m is small and can be neglected so that

E 2 = µ2 [ρ2 + ρ−2 (2` + 1)2 ]

(3.52)

ρ2 = ρ20 = 2` + 1,

(3.53)

1
2
= E 2 (ρ0 ) = 4µ2 (` + ).
Emin
2

(3.54)

which has a minimum for

giving

Thus, we obtain a linear Regge trajectory with
1
b
0
α = µ−2 = .
4
4
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(3.55)

Experimentally
0

α = 0.88(GeV )−2

(3.56)

for mesons giving the value 0.54 GeV for µ. A more accurate calculation gives
0

α = (2πµ2 )−1 ,

µ ∼ 0.43GeV.

(3.57)

The constituent quark mass can be defined in two ways
r
1
1
Mc (`) = Emin = µ ` + ,
2
2

(3.58)

or
µ
1
mc (`) = S0 = µρ0 = √
2
2
0

r

1
`+ .
2

(3.59)

The first definition gives for ` = 0, Mc = 0.31 GeV for µ = 0.43 in the case of u and d
quarks.
When the Coulomb like terms are introduced in the simplified Hamiltonian (3.49) with
negligible quark masses one obtains

E=

p
µ
[−ᾱ + ρ4 + (2` + 1)2 ]
ρ

(3.60)

with
4
ᾱ = αs
3

2
ᾱ = αs
3

f or(q q̄),

f or(qq).

(3.61)

In the energy range around 1 GeV αs is of order of unity. Estimates range from 0.3 to 3.
Minimization of E gives
−1

E0 = µu04 (−ᾱ +

p
u0 + (2` + 1)2 )
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(3.62)

where
u0 () =

ρ40

√
1
= (2` + 1) (1 + β 2 +  2β
2

r

2

 = ±1,

β=

1
` + β 2 ),
8

ᾱ
.
(2` + 1)

(3.63)
(3.64)

The minimum E0 is obtained for  = −1, giving to second order in β:
p
β
β2
E0 = µ 2(2` + 1)(1 − √ − 3 ).
8
2

(3.65)

Linear Regge trajectories are obtained if β 2 is negligible. Then for mesons

E02 = 4µ2 ` + 2µ2 (1 −

√

2ᾱ).

(3.66)

The β 2 is negligible for small ` only if we take the lowest estimate for αs , giving 0.4 for ᾱ in
the q q̄ case. For mesons with u, d constituents, incorporating their spins through the Breit
term we obtain approximately
c
mρ ' mω = E0 + ,
4
c=K

mπ = E0 −
∆V
Mq2

3c
,
4

(3.67)

(3.68)

where Mq is the constituent quark mass. This gives

E0 =

(3mρ + mπ )
= 0.61GeV.
4

(3.69)

The Regge slope being of the order of 1GeV an average meson mass of the same order is
obtained from equation (3.65) in the linear trajectory approximation. To this approximation
ᾱ should be treated like a parameter rather than be placed by its value derived from QCD
under varying assumptions. Using (3.57) for µ one gets a better fit to the meson masses by
taking αs ∼ 0.2.
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Turning now to baryon masses, we must first estimate the diquark mass. We have for the
qq system
√
2
MD = µ( 2 − αs ),
3

(3.70)

that is slightly higher than the average meson mass
√
4
m̃ = µ( 2 − αs ).
3

(3.71)

Here we note that E is not very sensitive to the precise value of the QCD running coupling
constant in the GeV range. Taking αs ∼ 0.3 changes E qq from 0.55 to 0.56 GeV.
Note that equation (3.70) gives mD = 0.55GeV . For excited q − q̄ and q − D systems if the
rotational excitation energy is large compared with µ, then both the mD and the Coulomb
term − 43 αrs (same for q − D and q − q̄ systems) can be neglected.
Thus, for both (q − D) [excited baryon] and q − q̄ [excited meson] systems we have equation
(3.54), namely
(E q−D )2 ∼ (E q−q̄ )2 ∼ 4µ2 ` + 2µ2

(3.72)

giving again equation (3.55), i.e.
1
0
0
(α )q−D = (α )q−q̄ ∼
= 2
4µ

or (

1
)
2πµ2

(3.73)

as an explanation of hadronic supersymmetry in the nucleon and meson Regge spectra. We
also have, extrapolating to small `:

∆(M 2 )q−D = ∆(m2 )q−q̄ = 4µ2 ∆` =

1
∆`.
α0

(3.74)

For ∆` = 1 we find
m2∆ − m2N = m2ρ − m2π .

(3.75)

This relationship is same as the one proved by Miyazawa through the assumption that
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U (6/21) symmetry is broken by an operator that behaves like s = 0, I = 0 member of
35 × 35 representations of SU (6), which is true to 5%. It corresponds to a confined quark
approximation with αs = 0.
The potential model gives a more accurate symmetry breaking (αs ∼ 0.2):
9 2
(m − m2π ) = m2∆ − m2N
8 ρ

(3.76)

with an accuracy of 1%.
This mass squared formula arises from the second order iteration of the q − D, q − q̄ Dirac
equation. The factor

9
8

comes from
1 4 2 8 2
( αs ) = αs .
2 3
9

(3.77)

At this point it is more instructive to derive a first order mass formula.
Since the constituent quark mass Mq is given by equation (3.58) (` = 0), we have
µ
Mq = √ ,
2
so that

(3.78)

√

2
αs ) ' 1.9Mq .
3

m̄ = 2Mq (1 −

(3.79)

When the baryon is regarded as a q − D system, each constituent gains an effective mass
1
µρ0
2

which was approximately the effective mass of the quark in the meson. Hence, the

effective masses of q and D in the baryon are
0

mq ' Mq ,

0

mD = MD + Mq ' 3Mq .
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(3.80)

The spin splittings for the nucleon N and the ∆ are given by the Breit term

∆M = K∆V

For the nucleon with spin

1
2

S q ·S D
0 .
m0q mD

(3.81)

the term Sq · SD gives −1 while it has the value

1
2

for ∆ with

spin 32 . Using the same K for mesons and baryons which are both considered to be a bound
state of a color triplet with a color antitriplet we can relate the baryon splitting ∆M to the
meson splitting ∆m for which Sq · Sq̄ takes the values

1
4

and

−3
.
4

Hence we find

3 K∆V
3 K∆V
=
0
0
2 mq mD
2 3Mq2

(3.82)

K∆V
Mq2

(3.83)

1
∆M = ∆m
2

(3.84)

∆M = M∆ − MN =

∆m =
which leads to a linear mass formula

which is well satisfied and has been verified before using the three quark constituents for the
baryon.
The formation of diquarks which behave like antiquarks as far as QCD is concerned is crucial
to hadronic supersymmetry and to quark dynamics for excited hadrons. The splittings in
the mass spectrum are well understood on the basis of spin-dependent terms derived from
QCD. This approach to hadronic physics has led to many in depth investigations recently.

(b) Relativistic Case
Let us consider a quark-antiquark system in the approximation that the potential is only
a scalar. In the center of mass system, p(1) + p(2) = 0, or p(1) = −p(2) = p. The semi59

relativistic hamiltonian of the system is then given by

H=

2
X
i=1

r

1
(mi + br)2 + p2 .
2

(3.85)

Taking m1 = m2 = m for the quark-antiquark system, we have
r

`(` + 1)
1
H = 2 (m + br)2 + p2r +
,
2
r2

(3.86)

where we have written the momentum part in spherical coordinates. For u and d quarks, m
is small and can be neglected so that
1
`(` + 1)
H 2 = 4[ b2 r2 + p2r +
].
4
r2

(3.87)

The eigenfunction Ψ for H 2 has eigenvalue E 2 such that
1
1 d2
`(` + 1)
4[ b2 r2 −
r+
]Ψ = E 2 Ψ.
2
4
r dr
r2

(3.88)

The differential equation can be solved exactly, and and the normalized eigenfunction is
found to be
"
Ψ(r, θ, φ) =

2( 2b )2`+3 Γ(` + 32 + nr − 1)
(nr − 1)!Γ2 (` + 23 )

#1/2

F (−nr + 1, ` + 23 , 2b r2 )Y`m (θ, φ),

b
r` exp[− r2 ] ×
4
(3.89)

where F (−nr + 1, ` + 32 , 2b r2 ) is the confluent hypergeometric function, and nr = 1, 2, 3, . . .,
is the radial quantum number. The eigenvalue is given by
3
E 2 = 4b[2(nr − 1) + ` + ],
2

(3.90)

therefore we obtain linear Regge trajectories of slope 1/4b when we make plots of ` versus M 2 .
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The case of nr = 1 corresponds to the leading Regge trajectory, and cases of nr = 2, 3, . . .,
correspond to the parallel daughter trajectories.
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Chapter 4
Bilocal Approximation to Hadronic
Structure and Inclusion of Color
The low-lying baryons occur in the symmetric 56 representation[61] of SU (6), where the
Pauli principle would lead to the antisymmetrical 20 representation. This fact was crucial for
the introduction of color degree of freedom[62] based on SU (3)c . Hence, we must also include
color degrees of freedom for the constituents to obtain the correct representation of the q −D
system. Since the quark field transforms like a color triplet and the diquark transforms like
a color antitriplet under SU (3)c , the color degrees of freedom of the constituents should
be included properly so as to obtain a correct representation of the q-D system. Hadronic
states have to be color singlets. These states can be represented by bilocal operators O(r1 , r2 )
within the bilocal approximation[63] giving D(1)q(2) for baryons and q̄(1)q(2) for mesons
. Here, q(2) the quark situated at r2 , q̄(1) represents the antiquark situated at r1 , and
D(1) = q(1)q(1) represents the diquark situated at r1 . If we introduce the c.m. and the
relative coordinates of the constituents by R and r, where r = r2 − r1 and

R=

(m1 r1 + m2 r2 )
(m1 + m2 )

62

(4.1)

with m1 and m2 as their masses, we can use O(R, r) for the operator creating hadrons out
of the vacuum then. The matrix element of this operator between the vacuum and the
hadronic state h should be in the form

< h|O(R, r)|0 >= χ(R)ψ(r)

(4.2)

where χ(R) is the free wave function for the hadron as a function in the c.m. coordinate
and ψ(r) is the bound-state solution of the U (6/21) invariant Hamiltonian to describe the
q − q̄ mesons, q − D baryons, q̄ − D̄ antibaryons and D − D̄ exotic mesons, given in the form
r
1 2
1
= [ (mα + Vs ) + p2 + (mβ + Vs )2 + p2
2
2
4 αs
sα · sβ
−
+k
] ψαβ
3 r
mα mβ
r

i∂t ψαβ

(4.3)

where p = −i∇ in the c.m. coordinate and m and s are the masses and spins of the
constituents, αs is the strong-coupling constant, Vs = br is the scalar potential with r as the
distance between the constituents in the bilocal object, and k = |ψ(0)|2 .
The operator product expansion[64] would have a singular part depending solely on r and
proportional to the propagator of the field binding the two constituents. There should be
singular coefficients cn (r) depending on the dimensionality of the constituent fields within
a finite number. For instance, for a meson, the singular term should be proportional to the
progagator of the gluon field binding two constituents. If we subtract the singular part, the
remaining part Õ(R, r) should be analytic in r and in this way we can write

Õ(R, r) = O0 (R) + r · O1 (R) + o(r2 ),

(4.4)

where the remainder term is of a higher order r2 .
Now we can treat O0 (R) as to create a hadron at its c.m. point R equivalent to a ` = 0,
s-state of the two constituents. For a baryon this should be a state with q and D ∼ qq at the
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same point R, making it essentially a 3-quark state when the three quarks are at a common
location. Meanwhile O1 (R) can create three ` = 1 states with opposite parities to the state
created by O0 (R). Thus if we represent the nonsingular parts of q̄(1)q(2) and D(1)q(2) by
[q̄(1)q(2)] and [D(1)q(2)], we will have
0

[q̄(1)q(2)]|0 >= |M (R) > +r · |M (R) > +o(r2 ),

(4.5)

0

[D(1)q(2)]|0 >= |B(R) > +r · |B (R) > +o(r2 ),

(4.6)

and similarly we can obtain the exotic meson states D(1)D̄(2).
The meson states |M (R) > is an ` = 0 bound state of a quark and antiquark and should
0

be correspondent to the singlet and 35-dimensional representations of SU (6). The M (R)
is then an orbital excitation (` = 1) of opposite parity and should be in the (35 + 1, 3)
representation of the group SU (6) × O(3), O(3) should be associated with the relative
0

angular momentum of the constituents. The M states include mesons like B, A1 , A2 , and
scalar particles. All in all, the ` = 0 and ` = 1 part q̄(1)q(2) include 4 × (35 + 1) = 144
meson states.
Going back to the baryon states, the requirement of symmetry in spin-flavor, and antisymmetry in color indices will give (56)+ representation for B(R). The ` = 1 multiplets will
have a negative parity and mixed spin-flavor symmetry. They are included in the repre0

sentation (70− , 3) of SU (6) × O(3) and can be represented by the states |B (R) > which
are 210 representations in total. All in all, these 266 states should be accounted for all the
observable low-lying baryon states obtained form 56 + 3 × 70 = 266. A similar analysis can
be also carried through for the exotic meson states D(1)D̄(2), where for the exotic meson
states the diquark and the antidiquark are bound in a ` = 0 or ` = 1 state with opposite
parities.
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Chapter 5
Algebraic Treatment of Color through
Split Octonions
The seven imaginary units eα (α = 1, . . . , 7) of octonion should obey the algebra

eα eβ = −δαβ + αβγ eγ

(5.1)

were the structure constants αβγ should be antisymmetrical in all three indices. They should
be equal to one for (αβγ) being of the seven combinations (123), (246), (367), (651), (572)
and (714). Otherwise they are zero.
If we use split octonion units, the behavior of various states under the color group are more
clear:
1
u∗0 = (1 − ie7 ),
2

1
u0 = (1 + ie7 ),
2
1
uj = (ej + iej+3 ),
2

1
u∗j = (ej − iej+3 ),
2

j = 1, 2, 3.

(5.2)
(5.3)

The automorphism group of the octonion algebra is the group G2 with 14-parameter exceptional. The imaginary octonion units eα (α = 1, ..., 7) will be falling into its 7-dimensional
representation.
Under the SU (3)c subgroup of G2 leaving e7 invariant, u0 and u∗0 will be singlets, while uj
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and u∗j are correspondent, respectively, to the representations 3 and 3̄. The multiplication
table can then be expressed in a manifestly SU (3)c invariant manner (with the complex
conjugate equations):
u0 u∗0 = 0

u20 = u0 ,

u∗0 uj = uj u0 = 0

u0 uj = uj u∗0 = uj ,

(5.4)
(5.5)

ui uj = −uj ui = ijk u∗k ,

(5.6)

ui u∗j = −δij u0

(5.7)

whereas ijk is completely antisymmetric with ijk = 1 when ijk = 123, 246, 435, 651, 572,
714, 367. From here, the virtue of octonion multiplication will emerge. Considering the
direct products
C:

3 ⊗ 3̄ = 1 + 8

(5.8)

G:

3 ⊗ 3 = 3̄ + 6

(5.9)

for SU (3)c , now these equations can show that octonion multiplication can get rid of 8 in
3 ⊗ 3̄, and it will get rid of 6 in 3 ⊗ 3. If we combine Eq.(5.6) and Eq.(5.7) we will find

(ui uj )uk = −ijk u∗0

(5.10)

Hence the octonion product will leave only the color part in 3 ⊗ 3̄ and 3 ⊗ 3 ⊗ 3, so as to
be a natural algebra for colored quarks. It is also noted that under the SU (3) subgroup
of G2 , which is the 14 parameter automorphism group of octonions, the split units ui will
transform like a triplet, u∗j be like an antitriplet, u0 and u∗0 are singlets. We can then extract
a subalgebra satisfied by ui and u∗j only from the octonion algebra as

{ui , uj } = 0,

{u†i , u†j } = 0,
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{ui , u†j } = δij ,

(5.11)

whereas
u†i = −u∗i = ūi ∗ ,

(5.12)

the bar representing octonionic conjugation. From this we will know that the three split
units ui should be Grassmann numbers. u∗j form a conjugate set of Grassmann numbers and
together with the split units they form a fermionic Heisenberg algebra. We should note that
the split units are the representations of an exceptional Grassmann algebra due to they are
non-associative. Their associator is in fact:

[ui , uj , uk ] = (ui , uj )uk − ui (uj uk ) = ijk (u0 − u∗0 ) = iijk e7 .

(5.13)

Meanwhile we have
[ui , uj , u∗k ] = δki uj − δkj ui .

(5.14)

As a result, the split units cannot be represented by matrices just as the imaginary units eα .
Note that the split octonion algebra given before is that the product of two triplets will give
an antitriplet. Meanwhile the product of a triplet and an antitriplet gives a singlet. Thus
the dynamical suppression of octet and sexted states can be automatically achieved without
any difficulty.
The quarks are in the triplet representation of the color group SU (3)c . They are represented
by the local fields qαi (x), where i = 1, 2, 3 is the color index and α is the combined spinflavor index. Antiquarks at point y should be color antitriplets q̄βi (y). Now let us consider
the two-body systems
βi
Cαj
= qαi (x1 )q̄βj (x2 )

(5.15)

j
i
Gij
αβ = qα (x1 )qβ (x2 )

(5.16)

whereas C is either a color siglet or color octet and G is either a color antitriplet or a color
sextet. Now C contains meson states being color singlets and thus observable. The octet
q − q̄ state is confined and cannot be observed as a scattering state. As for the case of
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two-body G states, the antitriplets are diquarks which can be combined with another triplet
quark inside a hadron to give observable, color singlet, three-quark baryon states. The color
sextet part of G can be only combined with a third quark to become unobservable color octet
and color decuplet three-quark states. Thus in the hadron dynamics, the 8 part of C and the
6 part of G are suppressed. This can easily be achieved making the use of mentioned split
octonion algebra. The dynamical suppression of the octet and sextet states in Eq.(5.15) and
Eq.(5.16) is hence automatically achieved. The split octonion units can contract with color
indices of triplet or antitriplet fields. For quarks and antiquarks we can make a defination
on the ”transverse” octonions (u0 and u∗0 as longitidunal units)
qα = ui qαi = u · qα ,

q̄β = u†i q̄βj = −u∗ · q̄β

(5.17)

from where we can find
qα (1)q̄β (2) = u0 qα (1) · qβ (2)

(5.18)

q̄α (1)qβ (2) = u∗0 q̄α (1) · qβ (2)

(5.19)

Gαβ (12) = qα (1)qβ (2) = u∗ · qα (1) × qβ (2)

(5.20)

Gβα (21) = qβ (2)qα (1) = u∗ · qβ (2) × qα (1)

(5.21)

Due to the anticomutativity of the quark fields, we can have
1
Gαβ (12) = Gβα (21) = {qα (1), qβ (2)}
2

(5.22)

Assuming that the diquark forms a bound state represented by a field Dαβ (x) at the centerof-mass located at x
1
x = (x1 + x2 ),
2
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(5.23)

when x2 tends to x1 we can then take over the argument by x, and we obtain

Dαβ (x) = Dβα (x)

(5.24)

so that the local diquark field should be in a symmetric representation of the spin-flavor
group. If the latter one is taken to be SU (6), then Dαβ (x) will be in the 21-dimensional
symmetric representation, given by

(6 ⊗ 6)s = 21

(5.25)

If we represent the antisymmetric 15 representation by ∆αβ , we can figure out that the octonionic fields single out the 21 diquark representation at the expense of ∆αβ . It should be
noted that without this color algebra supersymmetry one would give antisymmetric configurations as noted by Salam and Strathdee[65] in their possible supersymmetric generalization
of hadronic supersymmetry. With the nonsingular part of the operator product expansion
we can then have
G̃αβ (x1 , x2 ) = Dαβ (x) + r · ∆αβ (x)

(5.26)

Dαβ have an opposite parity to the fields ∆αβ ; if we take t = t1 = t2 , r is the relative
coordinate at time t . They have no role in the excited baryon being a bilocal system with
the 21- dimensional diquark to be one of its constituents.
Considering a three-quark system at time t. The c.m. and relative coordinates are like
1
R = √ (r1 + r2 + r3 )
3

(5.27)

1
ρ = √ (2r3 − r1 − r2 )
6

(5.28)

1
r = √ (r1 − r2 ),
2

(5.29)
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having
1
1
1
r1 = √ R − √ ρ + √ r
3
6
2

(5.30)

1
1
1
r2 = √ R − √ ρ − √ r
3
6
2

(5.31)

1
2
r3 = √ R + √ ρ
3
6

(5.32)

The baryon state should be a color singlet and symmetric in the three pairs (α, x1 ), (β, x2 ),
(γ, x3 ). And then
(qα (1)qβ (2))qγ (3) = −u∗0 Fαβγ (123)

(5.33)

qγ (3)(qα (1)qβ (2)) = −u0 Fαβγ (123)

(5.34)

1
− {{qα (1), qβ (2)}, qγ (3)} = Fαβγ (123)
2

(5.35)

so that

The operator Fαβγ (123) is a color singlet symmetrical in the three pairs of coordinates. We
can then have
Fαβγ (123) = Bαβγ (R) + ρ · B0 (R) + r · B00 (R) + C

(5.36)

whereas C is of order two and higher in ρ and r. Since R is symmetric in r1 , r2 and r3 , the
operator Bαβγ creating a baryon at R should be totally symmetrical in its flavor-spin indices.
Within the SU (6) scheme it should belong to the (56) representation. WIthinn the bilocal
q − D approximation we can then have r = 0 so that Fαβγ is a function depending solely on
R and ρ being both symmetrical in r1 and r2 . As usual, B0 should belong to the orbitally
excited 70− representation of SU (6). The totally antisymmetrical representation (20) will
not be in the bilocal approximation. It will only appear in the trilocal treatment involving
the 15-dimensional diquarks. Thus, using local fields, any product of two octonionic quark
fields generates a (21) diquark

qα (R)qβ (R) = Dαβ (R),
70

(5.37)

and any non-associative combination of three quarks, or a diquark and a quark at the same
point can then give a baryon in the 56+ representation:

(qα (R)qβ (R))qγ (R) = −u∗0 Bαβγ (R)

(5.38)

qα (R)(qβ (R)qγ (R)) = −u0 Bαβγ (R)

(5.39)

qγ (R)(qα (R)qβ (R)) = −u0 Bαβγ (R)

(5.40)

(qγ (R)qα (R))qβ (R) = −u∗0 Bαβγ (R)

(5.41)

The bilocal approximation can then give the (35+1) mesons and the 70− baryons with ` = 1
orbital excitation.
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Chapter 6
Algebraic Realization
Octonionic Supersymmetry of Catto and Gürsey (C-G) was based on the supergroup
SU (6/21) acting on a quark and antidiquark located at the same position x1 . At the
position x2 we can then deal with the action of the supergroup using the same parameters
or one with different parameters. For the first case, we will have a global symmetry. For
the second case, if we only consider bilocal fields, then the symmetry can be represented by
SU (6/21) × SU (6/21), which will double the C-G supergroup. Differently, if any number of
points are being considered, using different parameters to attach to each point, we can then
turn to introduce a local supersymmetry SU (6/21) where we are able to add the local color
group SU (3)c . Because it is not a fundamental symmetry, we will not consider the local
SU (6/21) group here. Nonetheless, the double SU (6/21) supergroup can then be used for
bilocal fields since the decomposition of the adjoint representation of the 728-dimensional
group corresponding SU (6) × SU (21) has

¯ + (1, 1)
728 = (35, 1) + (1, 440) + (6, 21) + (6̄, 21)

(6.1)

An advanced decomposition of the double SU (6/21) supergroup into its field corresponding
its c.m. coordinates, as we mentioned before (see Eq.(5.36)), will lead to the decomposition
of the 126-dimensional cosets (6, 21) and (21, 6) into 56+ + 70− of the diagonal SU (6).
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It is possible to have a much tighter and more elegant scheme if we were able to perform such
a decomposition from the start and can identify (1, 21) part of the fundametal representation
in SU (6/21) with the 21-dimensional representation in the SU (6) subgroup, meaning going
beyond the SU (6/21) supersymmetry to a smaller supergroup to have SU (6) as a subgroup.
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Chapter 7
Beyond SU(6/21)– A Minimal
Scheme
In order to go beyond the SU (6/21) supersymmetry we can introduce a non-simple superLie algebra having a parabolic structure where the odd part is represented by a symmetric
third rank tensor Fαβγ with 56 components and the even part represented by the 36 U (6)
generators Lρσ . The bracket relations are in the form:
[Lρσ , Lλµ ] = δµρ Lλσ − δσλ Lρµ

(7.1)

{Fαβγ , Fρστ } = 0

(7.2)

[Lρσ , Fαβγ ] = δαρ Fβγσ + δβρ Fγασ + δγρ Fαβσ

(7.3)

Then we will have a conjugate superalgebra produced by Lρσ and F αβγ . It should be noted
that
N=

X

Lρρ

(7.4)

ρ

will be like a number operator. The traceless part of Lρσ in fact coincides with the elements of
the SU (6) Lie algebra. Thus the minimal superalgebra S will have 56 + 35 = 91 generators.
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Taking color into account, the algebra then becomes SU (3)c × S.
We can then instantly build a matrix representation of this algebra by virtue of fermionic
operators fαi transforming like the (3, 6) representation of SU (3)c × SU (6) and the conjugate
operators f¯jβ transform like the (3̄, 6̄) representation. We will then have
{f¯iα , f¯jβ } = 0,

{fαi , fβj } = 0,

{fαi , f¯jβ } = δji δαβ .

(7.5)

(7.6)

Because fαi are Grassmann numbers, they are able to be represented by finite matrices owned
by a Clifford algebra. The conjugate operators f¯αi can be represented by the corresponding
Hermitian conjugate matrices. We can then construct the following matrices out of this
fermionic Heisenberg basis:
Φαβγ = ijk fαi fβj fγk

(7.7)

1
Mσρ = f¯iρ fσi − δσρ N
6

(7.8)

N = f¯jτ fτj

(7.9)

whereas

So that Φαβγ and Mαρ will be the representations of Fαβγ and Lρσ because of satisfaction to
the algebra of Eqs.(7.1-7.3). If fαi are noted with the colored-quark annihilation operators,
the odd elements of Φ of the algebra should be correspondent to baryons, whereas the even
elements M corresponding to mesons. N is the representation of the number operator.
Now let us construct a module consist of the representations (3̄, 6̄) and (3̄, 21) in SU (3)c ×
SU (6). They should correspond to the operators for the antiquarks and diquarks:

Q̄αj = f¯jα ,

Dαβk = ijk fαi fβj
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(7.10)

The multiplet should be closed under the group SU (3)c × S. Naturally we will have

{Φαβγ , Q̄ρk } = δαρ Dβγk + δβρ Dγαk + δγρ Dαβk

(7.11)

[Φρστ , Dαβk ] = 0

(7.12)

[Mργ , Q̄σk ] = δρσ Q̄γk

(7.13)

[Mργ , Dαβk ] = δαγ Dβρk + δβγ Dαρk

(7.14)

Eq.(7.13) and Eq.(7.14) has shown that Q̄ and D transform like (6̄) and (21) under SU (6).
Meanwhile Eq.(7.11) and Eq.(7.12) are telling us that the odd part of the supergroup can
map Q̄ into D and then D into zero. Making the corresponding odd parameters to be η αβγ ,
now we can consider the superalgebra element
1
Φ = η αβγ Φαβγ
6

(7.15)

1
δ Q̄ρk = [Φ, Q̄ρk ] = η ραβ Dαβk
2

(7.16)

δDρσ = [Φ, Dρσ ] = 0

(7.17)

And then

If we neglect mass and spin differences, the Hamiltonian above should be invariant under
the infinitesimal transformations given before.
The meson-baryon system can transform like the adjoint representation of the supergroup
S. And then we have
δBαβγ = [Φ, Bαβγ ] = 0

(7.18)

1
δMσρ = [Φ, Mσρ ] = − η ραβ Bαβσ
2

(7.19)

Thus the odd part of S can map mesons into baryons and then baryons mapped into zero.
Using the conjugate supergroup, baryons and diquarks can be replaced by antibaryons and
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antidiquarks, meanwhile the antiquarks can be replaced by quarks.
It should be noticed that that in this minimal scheme the exotic mesons disappear. Nonetheless the transformations Eq.(7.18) and Eq.(7.19) are enough to establish the equality of the
Regge slopes for mesons and baryons.
Due to the form of the cubic function and the quadratic functions of the generators of S in
terms of the fermionic reation and cannihilation operators, it is reasonable to propose the
transverse octonion operators in equation Eq.(5.17)

f¯β = −u∗j f¯jβ

fα = ui fαi ,

(7.20)

And then obtained in a general fashion
1
Φαβγ = {{fα , fβ }, fγ }
2

(7.21)

3
{f¯ρ , fρ } = δσρ + ie7 Mσρ
2

(7.22)

We will then have
[f¯α , f¯β ] = 0

[fα , fβ ] = 0,

3
[fα , f¯β ] = Mαβ + ie7 δαβ
2

(7.23)
(7.24)

Eq.(7.23) and Eq.(7.24) altogether with the SU (6) Lie algebra in the form of Eq.(7.1) satisfied by the operators Mαβ are suggesting that Mαβ , fα , f¯β , and ie7 = (u0 − u∗0 ) can form an
octonionic extension of SU (6) having SU (6) × SU (3)c as a subgroup. It can be relevent to
the simple supergroup SU (6/3), but not exactly equivalent to it due to the suppression of
the color octet and sextet states from the octonionic products fα f¯β and fα fβ .
The bilocal treatment laid out earlier can be carried over unchanged to the minimal scheme.
The (q̄, D) system produces one multiplet R(1) at position x1 under the supergroup S.
The conjugate system (q, D̄) produces a multiplet R(2) at position x2 under the conjugate
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group S̄. So that the bilocal system R(1) × R(2) can be expanded like Eq.(5.26) and then
transformed under the group S × S̄. The local part with reference to c.m. coordinate x
can generate the meson-baryon and the meson-antibaryon multiplets (35, 56+ ) and (35,
56+ ), whereas the coefficients of the relative coordinate r can give the ` = 1 excitations
of mesons in the (35 + 1) representations and the ` = 1 excited baryons within the 70−
representation of SU (6). For the symmetric approximation, the masses of various states
should be proportional to the sum of the quark number and the antiquark number.
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Chapter 8
Symmetries of the Three Quark
System
As for the three quark system, we can represent the generalized form of the two body
Hamiltonian as
r

1
[m1 + S12 ]2 + p212
H̃123 = Ṽ12 + Ṽ23 + Ṽ31 +
2
r
r
1
1
(2)
(2)
+γ4
[m2 + S12 ]2 + p212 + γ4
[m2 + S23 ]2 + p223
2
2
r
r
1
1
(3)
(3)
+γ4
[m3 + S23 ]2 + p223 + γ4
[m3 + S31 ]2 + p231
2
2
r
1
(1)
+γ4
[m1 + S31 ]2 + p231
2
(1)
γ4

(8.1)

where
Ṽij = Vij + spin dependent terms

(8.2)

with i, j = 1, 2, 3.
In order to explore the symmetry of this system we can introduce fermion creation and
annihilation operators for colored quarks fαi with i = 1, 2, 3 as the color index, and α =
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1, . . . , 6 as the flavor index, so we will have

{fαi , fβj } = 0,

{f¯iα , f¯jβ } = 0,

{fαi , f¯jβ } = δji δαβ

(8.3)

The diquark will then transform as

Dαβk = ijk fαi fβk

(8.4)

It is in (3̄) representation of color, and in 21 representation for SU (6). The baryons will
then transform in the form
Φαβγ = ijk fαi fβj fγk

(8.5)

It should be a color singlet in the 56 representation of SU (6). Color singlet mesons being in
the 35 representation of SU (6) will transform like
1
Mσρ = f¯iρ fσi − δσρ N
6

(8.6)

whereas N is a color singlet and an SU (6) singlet, and it is given in the form

N = f¯jτ fτj

(8.7)

[Mσρ , Mµλ ] = δµρ Mσλ − δσλ Mµρ

(8.8)

{Φαβγ , Φρστ } = 0

(8.9)

[Mσρ , Φρστ ] = δαρ Φβγσ + δβρ Φγασ + δγρ Φαβσ

(8.10)

We can then list the relations

So far f¯jρ and Dαβ,k can form a multiplet transforming under Eqs.(8.8 - 8.10) as follow
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equations:

{Φαβγ , f¯kα } = δαρ Dβγ,k + δβρ Dγα,k + δγρ Dαβ,k

(8.11)

[Φρστ , Dαβ,k ] = 0

(8.12)

[Mργ , f¯kσ ] = δρσ f¯kγ

(8.13)

[Mργ , Dαβ,k ] = δαγ Dβρ,k + δβγ Dαρ,k

(8.14)

If the three quark system is excited, it will become a q − D system, retaining its symmetry
as
1
B123 = √ (q1 D23 + q2 D31 + q3 D12 )
3

(8.15)

and remains in the 56 representation. The 70 representation will have opposite parity (for
example in r 1 − r 23 ).
If within the excited baryon, quarks 2 and 3 form a diquark, then we can get

p12 = p13 = p

p23 = 0

(8.16)

leading to
r

1
[m1 + S]2 + p2
2
1
(2)
(3)
+(γ4 + γ4 ) [(m2 + m3 + S̄23 ) + S]2 + p2
2

H̃123 −→ H̃q1 D23 ∼
= 2Ṽ12 +
r

(1)
γ4

(8.17)

and it will be the same for the other two configurations obtained from cyclic permutations.
It should be noted that here that mD = m2 + m3 + S̄23 is the mass of the diquark.
Then the superalgebra given by Eqs.(8.8-8.10) will be symmetric in (123) and becomes, for
a given q − D configuration, the SU (6/21) supersymmetry 1 − (23).
If H̃123 is symmetrized, it will become invariant under the discrete group S3 . Thus its
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eigenstates will be eigenstates of S3 , i.e. as well corresponding to representations of S3 .
The splitting of 3 quarks to q and D will break the S3 symmetry down to Z2 ∼ S2 having
two eigenstates (associated with ±1). As we have mentioned before in our previous papers,
Iachello[66, 67] has noted that the 70 representation of SU (6) associated with ` = 1 has
doubled parity while the ground state 56 (` = 0) is not, which is supported by experiment.
We can then come to a definition of eight auxiliary octonions of quadratic norm

1
2

built out

of the seven imaginary units fα (α = 1, · · · 7).
1
f1 = (e1 + e4 ),
2

1
f2 = (e2 + e5 ),
2

(8.18)

1
f3 = (e3 + e6 ),
2

1
f4 = (e1 − e4 ),
2

(8.19)

1
f5 = (e2 − e5 ),
2

1
f6 = (e3 − e6 ),
2

(8.20)

1
f7 = (1 − e7 ),
2

1
f8 = (1 + e7 )
2

(8.21)

These units are closely related to the eight split octonionic units and their conjugates we
have mentioned before. If we fix one of the f ’s, say fj , then the difference combination
(fi fj fk − fk fj fi ) will always be zero or equal to another f . We have already worked out
isomorphisms for such combination rules and they seem to be fundamental in carrying out
symmetries of three quark systems we mentioned, which can be further applied in multiquark
systems. Combinations of f ’s are also natural in the root systems of groups with respect to a
magic square and play an important role in superstring theories and their compactification.
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Chapter 9
Particle Multiplets Including A Giant
Supermultiplet
The multiplet X siting in the adjoint representation of SU (6/21) is




 M B 
X=

B̄ N

(9.1)

whereas M are mesons and N are exotics, and B and B̄ are fermions. The M and N are
square matrices. The B is a rectangular matrix. Particularly, M = 6 × 6̄, B = 6 × 21,
¯ × 6̄, and N = 21
¯ × 21. M and N should be hermitian. If there are three flavors, the
B̄ = 21
SU (6) content of these matrices should be M = 1+35 with negative parity, N = 1+35+405
with positive parity, and B = 56 + 70 with positive parity. The fundamental representation
F is in the form of color triplet








 Q   q 
F=

=
D̄
q̄ × q̄
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(9.2)

¯ × 1. Now assume Ξ to be the superalgebra element of
where q = 6 × 1 and q̄ × q̄ = 21
SU (6/21) (SU (3) singlet). Ξ will be a color singlet in the form




 m b 
Ξ=

b̄ n

(9.3)

so the transformation laws for the fundamental representation [3, (6 + 21)] should be






 m b  Q 
δF = ΞF = 


D̄
b̄ n
 


 mQ + bD̄   δQ 
= 
=

b̄Q + nD̄
δ D̄

(9.4)

and then
δF = FΞ = (Q̄m + Db̄

Q̄b + Dn) = (δ Q̄

δD)

(9.5)

or expressed in the index notation

δqαi = mβα qβi + bαβγ (D̄i )βγ ,

(9.6)

i ρσ
(δ D̄i )βγ = b̄αβγ qαi + nβγ
ρσ (D̄ )

(9.7)

Or else, the transformation law for the adjoint representation should be

δΞ = i[Ξ, X],
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(9.8)

where






 m b  M B 
ΞX = 


b̄ n
B̄ N


 mM + bB̄ mB + bN 
=

b̄M + nB̄ b̄B + nN


(9.9)



 M m + B b̄ M b + Bn 
XΞ = 

B̄m + N b̄ B̄b + N n

(9.10)

so we will have




 δM δB 

=
δ B̄ δN


[M, m] + bB̄ − B̄b
M b − Bn + bN − M b 

i

−B̄m + nB̄ − N b̄ + b̄M
[n, N ] + b̄B − B̄b

(9.11)

In the following steps, we will construct a giant supermultiplet that contains M , N , L, B,
B̄, Q, Q̄, D, and D̄. The fundamental representation of SU (6/21) × [SU (3)c ]triplet and the
adjoint representation of U (6/21)×[SU (3)c ]singlet will then fit into the adjoint representation
of an octonionic version of SU (6/22) denoted by Z, in the form
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 M B

†
Z = u0 
 B N

0 0

 0 0

+u · 
 0 0

0 0

 u0 M

†
=
 u0 B

u∗ · Q†





0 
 0


∗
0 
 + u0  0


0
0


Q 



∗

D∗ 
+u ·


0
u0 B
u0 N
u∗ · DT

0 0 

0 0 


0 L

0

0

0

0

Q† DT

u·Q 

u · D∗ 


∗
u0 L

0 

0 


0

(9.12)

¯ × 21) should be Hermitian; B (6 × 21), B̄
in which mesons M (6 × 6̄) and exotics N (21
¯ × 6̄), Q (6 × 1), Q̄ (1 × 6̄), D (1 × 21), D̄ (21
¯ × 1), and L (1 × 1);  can be taken the
(21
value as 1 if u† = ū∗ = −u∗ , −1 if u† = u∗ , or else zero. Closure properties of Z matrices
are in the form
0

00

0

{Z, Z } = Z

[Z, Z ] = iZ ,

000

(9.13)

and generally they are non-associative with Jacobian J = f (Q, D) 6= 0, except that for the
case when  = 0 we will have
0

00

0

00

00

0

[[Z, Z ], Z ] + [[Z , Z ], Z] + [[Z , Z], Z ] = 0.

(9.14)

In this way we will have a true superalgebra being non-semisimple which is in fact a contraction of a simple algebra closing but not satisfying the Jacobi identity. For both cases we
can obtain an extension of SU (6/21).
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Now we can consider the element of the algebra



Ω=



whereas


u0 m

u0 b

u 0 b†

u0 n

u∗ · ξ † u∗ · dT



u·ξ 

u · d∗ 


u∗0 `

(9.15)



 u0 m u 0 b 


u0 b† u0 n

(9.16)

should be the [SU (6/21)] color singlet parameters,




 u·ξ 


u · d∗

(9.17)

and
(u∗ · ξ †

u∗ · dT )

(9.18)

should be the colored parameters,

(u0 b u · ξ)
and





(9.19)


u0 b†
u∗ · ξ †




(9.20)

should be the fermionic parameters, and m ∈ SU (6).
The change in Z is given by the commutator

δZ = [Ω, Z]
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(9.21)

leading to
δQ = mQ − M ξ + bD∗ − Bd∗ + ξL − Q`,

(9.22)

δD∗ = b† Q − B † ξ + nD∗ − N d∗ + d∗ L − D∗ `.

(9.23)

and

The SU (6/21) subgroup is then given by taking

ξ = 0,

d=0

`=0

(9.24)

so that
δQ = mQ + bD∗

(9.25)

δD∗ = b† Q + nD∗

(9.26)

which is equivalent to Eqs.(9.6 -9.7) in index form. This subgroup is valid for a Hamiltonian which describes q(x1 ) and q̄(x2 ), q(x1 ) and D(x2 ), D̄(x1 ) and q(x2 ), D̄(x1 ) and D(x2 )
interacting with a scalar potential V = br the same as we have discussed before.
Generally for

m
2

flavors and n = 12 m(m + 1), we can obtain




u·Q 

u0 B †
u0 N
u · D∗ 


u∗ · Q† u∗ · DT u∗0 L


 m×m m×n m×1 



=
n
×
m
n
×
n
n
×
1




1×m 1×n 1×1
u0 M

u0 B



Z = 



(9.27)

For examples, with 2 flavors,we will have M = 4 × 4, N = 10 × 10; with 6 flavors which
means icluding the top quark, M = 12 × 12 and N = 78 × 78.
The automorhism group of this algebra will include SU (m) × SU (n) × SU (3)c . If m = 6, it
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will be reduced to SU (6) × SU (3)c .
For the case of Q being Majorana and D being real, the group will then become Osp(n/m)×
SU (3)c , with subgroup as Sp(2n/R) × O(m) × SU (3)c . We will then explore quark models
constructed using such groups and auxiliary octonions of quadratic norm

1
2

related to the

split octonion units that we have derived in this paper above.
It is also worth mentioning that we have derived the relativistic formulation using the spin
realization of the Wess-Zumino algebra with details.
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Chapter 10
Conclusion: Future of Mass Formulae
and Some Prospects
So far we have presented that the quark model with potentials derived from QCD, including the quark-diquark model for excited hadrons, will give mass formulae in an excellent
agreement with experiment and has gone a far way in the explanation of the approximate
symmetries and supesymmetries for the hadronic spectrum, which includes the symmetry
breaking mechanism. As for heavy quarks the non-relativistic approximation can be then
utilized so that the potential models of the spectra of charmonium[68] and the bb̄ system[69]
should be even simpler. In this method, gluons are eliminated to leave quarks interacting
with potentials.
It is also feasible to use an opposite method to eliminate quarks as well as gluons, leaving
only an effective theory involving mesons , as quark bound states, and baryons as collective
excitations (solitons) of the mesonic field. This is the method established by Skyrme[70] and
resurrected in recent years[71]. The simplest model is using an SU (2) × SU (2) nonlinear
chiral model which involves pi-mesons originally formulated by Skyrme in 1958. Later in 1960
Skyrme included a fourth order term to make the soliton stable, in order to be interpreted
as a nucleon. The model was then enhanced by the Syracuse school[72] and by Witten and
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his collaborators[73]. In recently times, with vector mesons being added, the predictions
are improved[74]. In the initial model, mass formulae were carried out solely for a tower of
I = S excitations. Nowadays SU (4) symmetry[75] and in principle SU (6) symmetry were
included and using fermionic quantization of the soliton the tower excitations were cut off,
which leads to a even more realistic model[76, 77].
Nonetheless, we have so many improved versions so far, the mass relations are not nearly
as good as the ones in the potential quark model even with the correct pion decay constant
being used[78]. There is also a positive contribution to hadronic masses in general not easily
to be got rid of, although there are some attempts to deal with the problem in these years[79].
Within the absolute scale, baryon masses are about 20% higher and vector mesons play a
role in the theory on a very different footing than pseudoscalar mesons, which makes it very
tricky to associate their masses.
A skyrme model that can make a competition with the current potential quark model is still
somewhere in the future.
A more thorough understanding of hadron masses within the QCD theory of quarks and
gluons has changed the mass problem from the hadronic level to a deeper level of the
elementary constituent like quarks, leptons, weak bosons and Higgs bosons of the standard
model. Since it is well known that there are three generations of fundamental fermions with
light left-handed neutrinos, the improvement of a theory of masses for the finite system has
become an essential and fundamental problem. What is needed for it is the equivalent of a
Gell-Mann-Okubo formula for the six quarks and the leptons.
A group theoretical treatment would need to include a horizontal group related with the
three generations, i.e. a new SU (3). If E6 is the right grand unification group for each
generation[80] as suggested by string theory as well[81] then we need to enlarge it to a
group with E6 × SU (3) as a subgroup. This kind of group as well arises in string theory as
E8 , the ultimate exceptional group[82]. It will also contain the O(10) GUT by means of its
O(10)×O(6) or O(10)×SU (3)×U (1) decomposition. An unusual symmetry breaking pattern
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of E8 by means of a subgroup O(5) or SU (5) might detach the t-quark and attribute it a high
mass whereas all the other fundamental fermions should be massless in this approximation.
To approach the fundamental mass problem which is modeled after that of hadron masses,
we would have to introduce a concept of new primary particles called preons that would
construct quarks and leptons as bound states. It is then very difficult yet very worthwhile
to explore why the fundamental fermions of the standard model have a finite number.
The notion of ’atom’ as proposed by Democritus has undergone many manifestations over
a time span of more than two thousand years. Preons may very well fit the bill and serve
as the true ’atoms’ of matter. Mankind’s search for ultimate knowledge and truth has been
a long and seemingly never-ending journey. There have been beautiful discoveries about
nature’s mysteries along the way and will surely continue to be for many years to come.
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